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PREFACE. 

The present volume is intended to form a sound 
introduction to a study of the Integral Calculus, 
suitable for a student beginning the subject. Like its 
companion, the Differential Calculus for Beginners, 
it does not therefore aim at completeness, but rather 
at the omission of all portions of the subject which 
are usually regarded as best left for a later reading. 

It will be foimd, however, that the ordinary pro- 
cesses of integration are fully treated, as also the 
principal methods of Rectification and Quadrature, 
and the calculation of the volumes and surfaces 
of solids of revolution. Some indication is also 
afforded to the student of other useful applications 
of the Integral Calculus, such as the general method, 
to be employed in obtaining the position of a 
Centroid, or the value of a Moment of Inertia. 

As it seems undesirable that the path of a student 
in Applied Mathematics should be blocked by a 
want of acquaintance with the methods of solving 
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elementary Differential Equations, and at the same 
time that his course should be stopped for a sys- 
tematic study of the subject in some complete 
and exhaustive treatise, a brief account has been 
added of the ordinary methods of solution of the 
more elementary forms occurring, leading up to and 
including all such kinds as the student is likely to 
meet with in his reading of Analytical Statics, 
Dynamics of a Particle, and the elementary parts of 
Rigid Dynamics. Up to the solution of the general 
Linear Differential Equation with Constant CoeflS- 
cients, the subject has been treated as fully as is 
consistent with the scope of the present work. 

The examples scattered throughout the text have 
been carefully made or selected to illustrate the 
articles which they immediately follow. A consider- 
able number of these examples should be worked 
by the student so that the several methods explained 
in the "book- work" may be firmly fixed in the 
mind before attacking the somewhat harder sets at 
the ends of the chapters. These are generally of a 
more miscellaneous character, and call for greater 
originality and ingenuity, though few present any 
considerable difficulty. A large proportion of these 
examples have been actually set in examinations, and 
the sources to which I am indebted for them are 
usually indicated. 
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My acknowledgments are due in some degree to 
the works of many of the modem writers on the 
subjects treated of, but more especiaUy to the 
Treatises of Bertrand and Todhmiter, and to Pro- 
fessor GreenhiU's interesting ChvpUr cm the Integral 
Caleulus, which the more advanced student may 
consult with great advantage. 

My thanks are due to several friends who have 
kmdly sent me valuable suggestions with regard to 
the desirable scope and plan of the work. 
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INTEGRAL CALCULUS 

CHAPTER I. 
NOTATION, SUMMATION, APPLICATIONS. 

1. Use and Aim of the Integral Calculus. 

The Integral Calculus is the outcome of an en- 
deavour to obtain some general method of finding the 
area of the plane space bounded by given curved 
lines. 

In the problem of the' determination of such an 
area it is necessary to suppose this space divided up 
into a very large number of very small elements. 
We then have to form some method of obtaining 
the limit of the sum of all these elements when 
each is ultimately infinitesimally small and their 
number infinitely increased. 

It will be found that when once such a method of 
summation is discovered, it may be applied to other 
problems such as the finding of the length of a curved 
line, the areas of surfaces of given shape and the 
volumes bounded by them, the determination of 
moments of inertia, the positions of Centroids, etc, 
E. I. c. A <s 
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Throughout the book all coordinate axes will be 
supposed rectangular, all angles will be supposed 
measured in circular measure, and all logarithms 
supposed Napierian, except when otherwise stated. 

2. Determination of an Area. Form of Series to 
be Summed. Notation. 

Suppose it is required to find the area of the portion 
of space bounded by a given curve AB, defined by 
its Cartesian equation, the ordinates AL and BM of 
A and B, and the cc-axia 




Let LM be divided into n equal small parts, XQ^, 
QiQ2> QAy •••> ^^^^ ^^ length A, and let a and 6 be 
the abscissae of A and B, Then b — a^nh. Also if 
y = (f)(x) be the equation of the curve, the ordinates 
LA, QiPiy Q^P^i etc., through the several points X, 
Qi, Qg* e^v ^re of lengths 0(a), <l>{a+h), (f>{a+2h), etc. 
Let their extremities be respectively A, P^, P^, etc., 
and complete the rectangles AQ-^, ^lOs* P2Qz^ ^t^- 

Now the sum of these n rectangles falls short of 
the area sought by the simi of the n small figures, 
AR^P^, P^R^P^y etc. Let each of these be supposed 
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to slide parallel to the aj-axis into a corresponding 
position upon the longest strip, say P„_iQ„.iJO. 
Their sum is then less than the area of this strip, 
i.e. in the limit less than an infinitesimal of the first 
order, for the breadth Qn^\M is h and is ultimately 
an infinitesimal of the first order, and the length 
MB is supposed finite. 

Hence the area required is the limit when h is 
zero (and therefore n infinite) of the sum of the 
series of n terms 

The sum may be denoted by 

8 <l>{a+rh),h or 2 <t>{(i+rh).h 

a-\-rh=a a+rh=^a 

where S or 2 denotes the sum between the limits 
indicated. 

Regarding a+rh as a variable x, the infinitesimal 
increment h may be written d^ 8x or dx. It is 
customary also upon taking the limit to replace the 

symbol S by the more convenient sign I , and the 

limit of the above summation when h is diminished 
indefinitely is then written 

I <f){x)dXy 

a 

and read as "the integral of (f>(x) with regard to x 
[or of (/>{x)dx] between the limits x = a and x = b" 
or more shortly " from a to b" 

b is called the " upper " or " superior limit." 
a is called the " lower " or " inferior limit," 
The sum of the n+1 terma, 

h(j>{a)+h(j){a+h) + ...+h(f>{a+(n—l)h} +h<f>(a+nh), 

difiers from the above series merely in the addition of 
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the term h(fi(a+nh) or ^^(6) which vanishes when 
the limit is taken. Hence the limit of this series 
may also be written 

(•6 

I (f>{x)dx. 



3. Integration from the Definition. 

This summation may sometimes be effected by 
elementary means, as we now proceed to illustrate : — 



A 



Ex. 1. Calculate / e'dx. 

a 

Here we have to evaluate 

where b = a+nh. 

This =X4.oA^5-V = Z^*=o(e*--e«)-A-^ =c*-c-. 

[By JHff, Cole, for Beginner s^ Art. 15.] 

/5 r>-n-l 

xdx we have to find Lt 2 ia+rh)h, where 

a *'"° 

nh=b-a. 

Now '2{a+rh)h^ah.n+hK K^zJJ 

and in the limit becomes 



-^o; we have to obtain the limit when h is 
indefinitely diminished of 
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\a a+A/ \a+A a+2hl \b b+h) 



>1- J- 

a b+h 



\a-A a/ \a a+h/ '" \b-h~b/ 

tt-A b' 
and when A diminishes without limit, each of these becomes 

11 

a b' 

Thus r\<^=i-j. 

J .v^ a b 

a 

Ex. 4. Prove a6 initio that 

/ 8in^dla?=co8a — cos6. 

a 

We now are to find the limit of 

[sin a + sin(a +k)+ sm{a + 2h) + . . . to n termsJA, 



.(a + n-l|) 



^ Sin rir- 



i.e, of 1 h wherewA=6 — a. 

sin^ 
2 

h 
This expression = cos( « - „ ) - cos <a+ {2n — 1)^ [ — 7 



=H-l)-«»(»-m 



sm- 
2 



which when A is indefinitely small ultimately takes the form 
cos a— cos 6. 
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EXAMPLES. 

Prove by summation that 

/b 
e-'dx^e-'^-e-K 

a 

2. I sinh xdx=cc^h. b — cosh a. 

a 
a 

• 4. r^dx=2{^b-^a). 

a 

/& 
COS ^ c?^= sin 6 - sin a. 

a 

4. Integration of x'^. 

As a further example we next propose to consider 
the limit of the sum of the series 

where /i = — , 

n 

and n is made indefinitely large, m+1 not being zero. 

[Xemma. — The Limit of ^^ \ ^ — is m + 1 when h is 

%"* 
indefinitely diminished, whatever y may be, provided it be of 
finite magnitude. 

For the expression may be written 

^ h 

and since A is to be ultimately zero we may consider - to be 
less than unity, and we may therefore apply the Binomial 
1 + - ) , whatever be the value of m+ 1. 
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(See Diff. CaZc, for Beginners, Art. 13.) Thus the expression 
becomes 

=m+l + -x(a convergent series) 

y 

=m+l when h is indefinitely diminished.] 
In the result 

*=^ ^'^^ '^ + 1, 

put 2/ successively = a, a+A., a+2^, etc.... a+('n'— 1)A., 
and we get 

(a+A)"^+^--a^+^ ^., (a+2A)^+^~(a+M^+^ 

_ ^ (a+3A)"*+^~ ( a+2A)^+^ _ 

/i(a+27i)^ "•••* 

^ ^ (g + -yiA)"*+^ - (g + ri^l A)'~+^ 
" A(g+7i-lA)'~ 

= m+l; 

or adding numerators for a new numerator and de- 
nominators for a new denominator, 

T^ (g+7iA)'«+i-g'"+i 

Lt ^^ — ■ ^- = m+ 1 . 

A[g"*+(a+A)^+(g+2A)^+...+(g+u-lA)^] 

or 

Ltk^^[a'^+{a+hY'+{a+2hy+ . . . + (g+'W.-lA)^] 

^6^+1 — ^'"+^ 
~ m+1 • 

In accordance with the notation of Art. 2, this 
may be written 



j:c''*cfoj=- 



m+1 
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The letters a and h may represent any finite quantities what- 
ever, provided of* does not become infinite between x=a and 

07=6. 

When a is taken as exceedingly small and ultimately zero, it 
is necessary in the proof to suppose h an infinitesimal of higher 

order, for it has been assumed that in the limit - is zero for 
all the values given to y. V 



When 6 = 1 and a = 0, ultimately the theorem be- 
comes 

x^dx-= — —= if m + 1 be positive, 



f« 



00 



or =00 if m+1 be negative. 

This theorem may be written also 

n\j\nl \n/ \ n / J m+1 

according as m^+l is positive or negative. The limit 

^'"-i[(i)"-©"+--©"]. 

or, which is the same thing, 

Xni^2"*+3"»+...+n'" 



Ltn=a 



n' 



m+1 



differs from the former by — , i.e, by in the limit, 

and is therefore also — —^, or oo according as m+1 is 

positive or negative. The case when m+l = will 
be discussed later. 

Ex. 1. Find the area of the portion of the parabola ^2—4^^^ 
bounded by the curve, the or-axis, and the ordinate a:=c. 
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Let us divide the length c into n equal portions of which 
NM is the (r+ly^ and erect ordinates NP, MQ, Then if 




=^Lt^ 



=M 



Fig. 2. 

PR be drawn parallel to NMy the area required is the limit 
when n is infinite of the sum of such rectangles as PM (Art. 2), 

ue, Zt^PN,NM or x/"2 VioTMA, 

r-O 

where wA=c. 

Now LtHJi'Jk+ ^/2h+ JZh + . . . + \'{n-\)hyi 

P>2^ + 3M-...+(7i-l)* f 

15 ,C 

[By Art. 4.] 

.'. Area=|\/4ac*=§<V4ac 

=f of the rectangle of which the extreme ordinate and abscissa 
of the area are adjacent sides. 

Ex. 2. Find the mass of a rod whose density varies as the 
with power of the distance from one end. 

Let a be the length of the rod, o> its sectional area supposed 
uniform. Divide tne rod into n elementary portions each of 

length i The volume of the (r+l)th element from the end 
of zero densitv is o>-, and its density varies from ( — ) to 
( —^ — ) . Its mass is therefore intermediate between 

u)a'*+^-^ and coa'^+i^^^. 
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Thus the mass of the whole rod lies between 

...^m4.il"*+2"*+3^+...+(7^-ir 



and 



^^il^+2^+3"*+...+n^ 



and in the limit, when n increases indefinitely, becomes 



m+1 



6. Determination of a Volume of Revolution. 

Let it be required to find the volume formed by 
the revolution of a given curve AB about an axis 
in its own plane which it does not cut. 

Taking the axis of revolution as the a;-axis, the 
figure may be described exactly as in Art. 2. The 
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elementary rectangles AQ^, P^Q^y P^Qz^ ^^j trace in 
their revolution circular discs of equal thickness, and 
of volumes ttAL^ . iQ^, irP^Qi^ . Q^Qg* ®^^- ^^® several 
annular portions formed by the revolution of the 
portions AR^P^, P^RJP^y P^R^^, etc., may be con- 
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sidered made to slide parallel to the aj-axis into a 
corresponding position upon the disc of greatest radius, 
say that formed by the revolution of the figure 
Pn-iQn-iNB, Their sum is therefore less than this 
disc, i,e, in the limit less than an infinitesimal of the 
first order, for the breadth Qn-\N is h, and is ulti- 
mately an infinitesimal of the first order, and the 
length NB is supposed finite. 

Hence the volume required is the limit, when h is 
zero (and therefore n infinite), of the sum of the series 

+ Tr{(f>{a+n-\h)YK 
or as it may be written 

TT I [(f>(x)Ydx or TT j y^dx, 

a a 

Ex. 1. The portion of the parabola y^=^Aax bounded by the 
line x=^c revolves about the axis. Find the volume generated. 




Let the portion required be that formed by the revolution of 
the area APN, bounded by the parabola and an ordinate PN 
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Then dividing as before into elementary circular laminae, we 
have 

[Art. 4.] 



™— f^— f'*— f 



=^ cylinder of radius PN and height AN, 
[Or if expressed as a series 

Volume =4a7r/ xdx 

=-^'i(i)-{|)-(l)--C-^)> 



2 -^ 



[Art. 4.] 



Ex. 2. Find the volume of the prolate spheroid formed by the 
revolution of the ellipse —+^=1 about the ;F-axia 

Of 0^ 




Fig. 5. 

Dividing as before into elementary circular laminae whose 
axes coincide with the ^-axis, the volume is twice 

/ iry'^dx, 
•o 

[a fa M 

Now J iry'^dx^l ir-j^a^-x^)dx 

which, according to Article 4, is equal to 

§[aM«-0)-^ or |.<^, 
and the whole volume is ^ah^ ; 
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[or if desirable we may obtain the same result without using 
the sign of integration, as 

r n--\ 
—0 

EXAMPLES. 

1. Find the area bounded by the curve y =6*, the ^-axis, and 
the ordinates a:=a, ^=6. 

2. If the area in Question 1 revolve round the ^-axis find the 
volume of the solid formed. 

3. Find by the method of Art. 2, the area of the triangle 
formed by the line y =^tan $, the ^-axis and the line x=a. 

Find also the volume of the cone formed when this triangle 
revolves about the a?-axis. 

4. Find the volume of the reel-shaped solid formed by the 
revohition about the y-axis of that part of the parabola y^=^Aax 
cut off by the latus-rectum. 

5. Find the volume of the sphere formed by the revolution of 
the circle a^-^-y^—a^ about the a?-axis. 

6. Find the areas of the figures bounded by each of the 
following curves, the ^-axis, and the ordinate x=^h\ also the 
volume formed by the revolution of each area about the ^-axis : 

(a) f=a^x. 
(j3) y^=a^--^x. 
(y) a"-V=.^. 
(8) a^y^a^+ax^, 

7. Find the mass of a circular disc of which the density at 
each point varies as the distance from the centre. 

8. Find the mass of the prolate spheroid formed by the 
revolution of the ellipse x^la^+y^/b^—l about the a?-axis, sup 
posing the density at each point to be fix. 



CHAPTEE 11. 
GENERAL METHOD. STANDARD FORMS. 

6. Before proceeding further with applications of 
the Integral Calculus, we shall establish a general 
theorem which will in many cases enable us to infer 
the result of the operation indicated by 

I <f)(x)dx 

a 

without having recourse to the usually tedious, and 
often difficult, process of Algebraic or Trigonometrical 
Summation. 

7. Prop. Let <f>(x) be any function of x which is 
finite and continuous between given finite values a 
and b of the variable x; let a be < 6, and suppose the 
difference b — a to be divided into n portions each 
equal A, so that b — a = nh. It is required to find the 
limit of the sum of the series 

h[^(a)+<p(a+h)+</>(a+2h)+... + <l>(b-h)-{-</>(b)l 
when h is diminished indefinitely, and therefore n 
increased without limit. 

[It may at once be seen that this limit is finite, for if <f>(a+rh) 
be the greatest term the sum is 

<{n-hl)h(t>(a+rh), 
t,e. < (6 — a)<l)(a + rh) + h<f^a + rh\ 
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which is finite, since by hypothesis <f>{x) is finite for all values of 
^intermediate between h and a.] 

Let yjA^x) be another function of x such that if>{x) is 
its differential coeflBicient, i.e. such that 

<l>{x)^ylr\x). 

We shall then prove that 

i4=(A[0(a)+^a+A)+0(a+2A)+...+^6)] = >A(6)-\K<^). 

By definition ^(a)=Z4=o'^^^— ^-l 

and therefore ^(a) = ^^+\)"-^^)+a„ 

where ai is a quantity whose limit is zero when h 
diminishes indefinitely ; thus 

Similarly 

h<f>{a+h) =^a+2/i)-i/r(a+ A)+Aa2, 
hipla + 2h) = \l/(a + Sh) - -i/^a + 2h) + ha^, 

etc., 
h<f>(a+n — lh) = \fr(a+nh)-'\fr{a+n^ih)+hany 

where the quantities ag, Og, ..., an are all, like aj, 
quantities whose limits are zero when h diminishes 
indefinitely. 
By addition, 

h[^(a)+<t>(a+h)+</>(a+2h)+.., + <l>(b-h)] 

= ^a + 7i/i)-VK^)+A[ai + a2+... + an], 

Let a be the greatest of the quantities ai, ag, ..., an, 
then 

^[«i+«2+ ••• + ««] ^s <nha, i.e. <(6 — a)a, 
and therefore vanishes in the limit. Thus 
Lth:^oh[<f)(a)'^<l>(a+h)+<f>{a-^2h)+..,+<l>(b-h)] = \lr{b)-\jf{ay 
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The term h<l>(b) is in the limit zero; hence if we 
desire, it may be added to the left-hand member of 
this result, and it may then be stated that 

LtK=Ji[i>{o) + 0(a+/i) + . . . + 0(6 - A)+0(6)] = •^(6)-'^(ot), 
i,e. I ^(x)dx = \[r(b)^'^(a). 

a 

This result \f4b)^yfr{a) is frequently denoted by the 

notation [^^(icn . 

From this result it appears that when the form of 
the function ylr(x) (of which </>{x) is the differential 
coefficient) is obtained, the process of algebraic or 

trigonometric summation to obtain I ifi(x)dx may be 
avoided. i 

The letters b and a are supposed in the above work 
to denote finite quantities. We shall now extend our 

/•OO 

notation so as to let I if>(x)dx express the limit when 

a 

b becomes infinitely large of ^(6) — "^(a), i.e. 
1 <f>(x)dx = Lti,= 00 1 <p{x)dx, 

a a 

Similarly by l <p(x)dx we shall be understood to 
3an I 

Lta=^{\lr{b) - V'(a)] or Z<a=oo I </>(x)dx, 

a 

Ex. 1. The differential coefficient of is plainly ^"*. 

m+1 

Hence if <^^)=:r" we have 

>^(a7)=— -- and / sc'^dx^^ — -=- ^ . 

^^ ^ m + \ J m+l m+1 m+l 



mean 
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Ex. 2. The quantity whose differential coefficient is cos x is 
known to be sin :p. Hence 



/ 



b 
cos ^ c^=sin 6 - sin a. 



Ex. 3. The quantity whose differential coefficient is e* is 
itself c*. Hence 



/• 



n. 4. Je-*da:=Z^6.„|[-c-*l =(-c-«)-(-e-0)=l. 



Ex. 

"o 

EXAMPLES. 

Write down the values of 



1. ^fV<>dr, 2. r^^^da:, 3. /Vdlr, 4. Tldo;, 

a 1 2 

»• »• » 

5. / cosxcLc, 6. / sec^xdx, 7. / sec^tan ^(£ar, 



8. Geometrical Illnstration of Proof. 

The proof of the above theorem may be interpreted geo- 
metrically thus : — 

Let An be a portion of a curve of which the ordinate is finite 
and continuous at all points between A and B, as also the 
tangent of the angle which the tangent to the curve makes 
with the ^-axis. 

Let the abscissae of A and 5 be a and b respectively. Draw 
ordinates AN, BM. 

Let the portion NM be divided into n equal portions each 
of length h. Erect ordinates at each of these points of division 
cutting the curve in P, Q, R, ..., etc. Draw the successive 
tangents AFi, FQi, QRi, etc., and the lines 

AF^FQ^QR^..,, 
parallel to the j:-axis, and let the equation of the curve be 
y=VK^)> and let •^'{x)=^<fi(x\ 
then <^a), <^(a+A), <^(a + 2A), etc., are respectively 
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and h<j){a\ h<f^a+h), ..., are respectively the lengths 

A^i, §261, ^^, etc. 
Now it is clear that the algebraic sum of 

A^, §2§» Ik^^ '"> is MB-NA, i.e. ylr(b)-\lf{a). Mft 
Hence 

AA + e2§i+^2^i + ...+[A^+§i§+.-]=V<^)-V^(«)- Y 
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Fig. 6. 



Now the portion within square brackets may be shewn to 
diminish indefinitely with h. For \i R^R for instance be the 
greatest of the several quantities P^P, §i§, etc., the sum 

[PiP+ §!§+...] is <nR^R, i.e. <(6-a)^^^. 
But if the abscissa of § be called a?, then 

[Diff, Cole, for Beginners, Art. 185.] 



and 



so that 



RiR^^^"{^+ eh)^^^<i>'{x+ eh), 



and (6 - a)^J^ -^)h<i>'{x+ Oh), 

which is an infinitesimal in general of the first order. 



GENERAL, METHOD. STANDARD FORMS. 19 

Thus 

or LtH^oh[<t)(a) + <^a + A) + <^a + 2A) + . . . + </>(6- h)] = -^(6)-"^ (a). 
Also since Z^fc=o^<^6)=0, we have, by addition, 

X^»=o^<^(a) + <^a + A) + <^a + 2A) + . . . + </<6)] = V<6) - -^Ka)- 

9. Interrogative Character of the Integral Cal- 
culus. 

In the differential calculus the student has learnt 
how to differentiate a function of any assigned char- 
acter with regard to the independent variable con- 
tained. In other words, having given y = \l^x)y 
methods have been there explained of obtaining the 
form of the function yf^Xx) in the equation 

The proposition of Art. 7 shews that if we can reverse 
this operation and obtain the form of \lr{x) when "^'(x) 
is given we shall be able to perform the operation 



I ^(x)dx, i.e. I yf/{x)dXy 



by merely taking the function yfrix), substituting 6 
and a alternately for x and subtracting the latter 
result from the former ; thus obtaining 

Vr(6)->A(a). 

We shall therefore confine our attention for the 
next few chapters to the problem of reversing the 
operations of the differential calculus. 

Further, the quantity 6 has been assumed to have 
any value whatever provided it be finite; we may 
therefore replace it by x and write the result of the 
proposition of Art 7 as 

I (l>{x)dx = yjA,x) — yJf{a). 
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10. When the lower limit a is not specified and 
we are merely enquiring the form of the (at present) 
unknown function yjr{x), whose differential coesflScient 
is the known function <l>{x), the notation used is 

\(l>{x)dx = yjr{x), 
the limits being omitted. 

11. Nomenclature. 

The nomenclature of these expressions is as follows : 



J 



'6 

^{x)dx or ^(6)— i/r(a) 



is called the "definite" integral of 0(ic) between limits 
a and 6 ; 



I <p(x)dx or \[r(x)—\[r(a) 



where the upper limit is left imdetermined is called 
a " corrected " integral; 



\ 



<f>(x)dx or \lr(x) 



without any specified limits and regarded merely 
as the reversal of an operation of the differential 
calculus is called an "indefinite" or "uncorrected" 
integral. 

12. Addition of a Constant 

It will be obvious that if <f>{x) is the differential 
coefficient of \fr{x), it is also the differential coefficient 
of \lr(x) + C where G is any constant whatever ; for 
the differential coefficient of any constant is zero. 
Accordingly we might write 

\(f>(x)dx = \lr{x) + G, 

This constant is however not usually written down, 
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but will be understood to exist in all cases of in- 
definite integration though not expressed. 

13. Different processes of indefinite integration 
will frequently give results of different form; for 

f 1 . . 1 

instance 1 , dx is sin~^aj or — cos'^aj, for , 

is the differential coefficient of either of these ex- 
pressions Yet it is not to be inferred that 

sin"^ir= — cos"'a7. 

But what is really true is that sin'^o? and — cos"^aj 
differ by a constant, for 

sin"^aj+cos"^a;=^ 
so that I— / dx= sin-^aj+(7 



or I , dx = — cos-^ic+ 0', 

the arbitrary constants being different. 



14. Inverse Notation. 

Agreeably with the accepted notation for the in- 
verse Trigonometrical and inverse Hyperbolic fimc- 
tions, we might express the equation 

\<t>{x)dx=^\lr{x\ 

'd\'^ 



as 



Q ^(«')=^(^)' 



or ^<j^x) = ylr{x); 

and it is occasionally useful to employ this notation, 
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which very well expresses the interrogative character 
of the operation we are conducting. 

15. General Laws satisfied by the Integrating 
Ssrmbol [dx. 

(1) It will be plain from the meaning of the 
symbols that 

^<t>i:x)dx is <j>{x), 

but that K- <l>{x)dx is 0(a;)+ any arbitrary constant. 

(2) The operation of integration is distributive; 
for if UyV,whQ any functions of a?, 

nj\ \udx-\-\vdx+ \w dx\ = u+v + 10 \ 

and therefore (omitting constants) 

(3) The operation of integration is commutative 
with regard to constants. 

diL 
For if -^ = t;, and a be any constant, we have 

d , ^ du 
SO that (omitting any constant of integration) 



au=\avdx, 



or a|t;daj= |at;c?aj, 

which establishes the theorem. 
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16. We now proceed to a detailed consideration of 
several elementary special forms of functions. 

17. Integration of ^^ 

By differentiation of — -^ we obtain 
•^ n+1 

d aj"+i 
dx n+1 

Hence (as has been already seen in Art. 4 and in 
Art. 7, Ex. 1) 

J n+1 

Thus the rule for the integration of any constant 
power of X is, Increase the inaex by unity and divide 
by the index so increased. 

For example, 



4a^' 



EXAMPLES. 

Write dovm the integrals of 

1. X, 1, 0, ^, a^, x^^. 

2. 07-", x-'^^\ X'^, 

3. X^y X^y x^. 

4. a?"^, 0?"^, x~^. 

6. (m;+1, a + 6^+A. 

^ ax^-\-bx+c ax-^+bx-^ + c 
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18. The Case of ^-^. 

It will be remembered that a; ~^ or - is the differ- 

X 

ential coefficient of log x. Thus 

This therefore forms an apparent exception to the 
general rule 

19. The result, however, may be deduced as a limiting case. 
Supplying the arbitrary constant, we have 



J n+i n+l 



where A = C+ -, 

n + l 

and is still an arbitrary constant. 
Taking the limit when n + 1 =0, 

takes the form loff x, 

n+l ^ • 

[Diff. Calc. for Beginners^ Art. 15.] 

and as (7 is arbitrary we may suppose that it contains a nega- 
tively infinite portion together with another arbitrary 

portion A. 

Thus X^n— 1 / ^cLv = log ^ + A, 

20. In the same way as in the integration of x^ 
we have 

J^(aic + 6)«+^ = (71 + l)a(aaj + &)•* 

and -T-\o£r(ax+b) = -v, 

dx ^^ ' ax + 6 
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and therefore I (ax + hYdx = —. — —^ — 
and I -^ = -IoqKox + h). 

[For convenience we shall often find I —jdx 

*■ jax+o 

{ dx i \ ( dx 

printed as I -r, I . ^ dx as I— p— ==, etc.] 



EXAMPLES. 

Write down the integrals of 

^. flw?, af^y a+a^f a — x^ a— of*. 

2 a ^ a-\-x 1 

X d X a-\-x 

3 _x_ 1 1 1 
a+^* a-hx {a-xY {g>-xY 

4 J_+J ?_+ J 1 I 1 

a+:r a-^' ^+a ^-a' (a+:r)2 {a-xY 

21. We may next remark that since the differential 
coefficients of [^(a?)]""*"^ and of log (j>{x) are respectively 

{n+l)[<t>{x)f<t>\x) and ^\ 
we have [[0(a;)]~0'(»)cfo; = ^^^^_|^p 

and J^^^""^^^^(^^- 

The second of these results especially is of great 
use. It may be put into words thus : — tlie integral of 
amy frojction of which the numerator is tlie differential 
coefficient of the denominator is 

log (denominator). 
For example, 
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/cotxdx = /-; — da; — loffsino;, 
j sin ^ ^ ' 

/ tan xcLv = - / ~ ^^^ ^ dx= — log cos x = log sec a;, 



/: 



^ ^''dx=\og{e'+e-'). 



^ e'+e- 

EXAMPLES. 

Write down the integrals of 

1. (e'+afe', -/-, {aa:^+bx+cy(2cux:+b\ 
2 c*+e~* sec^A' 2cuc+b 



e* - e~** tan"? (o^^ -|- 6^ + c)2* 

1 

3. '^+^\ 1 1 

' tarPP Vr^^gin-io?' ^log^' 

22. It will now be perceived that the operations of 
the Integral Calculus are of a tentative nature, and 
that success in integration depends upon a know- 
ledge of the results of differentiating the simple 
functions. It is therefore necessary to learn the table 
of standard forms which is now appended. It is 
practically the same list as that already learnt for 
differentiation, and the proofs of these results lie in 
differentiating the right hand members of the several 
results. The list will be gradually extended and a 
supplementary list given later. 

Preliminary Table of Results to be committed 
TO Memory. 



23. 



J n + 1 

J^cfe =log,CB. 
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a^dx 



yFdx 

sinojcfoj 
sec^o? dx 



a* 



= sm X, 
= — cosaj. 
= tanaj. 



Icosec^jrda; = — cotaj. 



Jcos^ 



Jsin^a? 
|tana;c2a; 

Icotajdoj 

fdx 

fdx 
f dx 



= sec 03. 
— — coseca?. 
= log sec 03. 
= log sin X, 
= sin ^- 



Art. 21. 



or —cos ^- 



a 



f dx 
J^ax-x^ 



1 . .x 1 , _i03 

= - tan"^- or — cot ^— 

a a a a 

1 

= - see" 



or — cosec"^— 
a a 

,x 



a) 



= vers ^- or — covers" 



24. It is a help to the memory to observe that all those 
integrals of the above list which begin with the letters "co," 

as cos x, cos""^-, covers"^-, etc., have a negative sign prefixed to 
a a 
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them. The reason is obvious. Each of these functions decreases 
as X increases through the first quadrant ; their differential co- 
efficients are therefore negative. 
Also it is a further help to observe the dimensions of each side. 

f dx 
For instance, x and a being supposed linear, / ——== is of zero 

dimensions. There could therefore be no - prefixed to the in- 

/dx ^ 

2,0 is of dimensions - 1. Hence the result of 

integration must be of dimensions -1. Thus the integral could 

not be tan~^- (which is of zero dimensions). The student should 
a 

therefore have no difficulty in remembering in which cases the 

factor - is to be prefixed. 

a 

EXAMPLES. 

Write down the indefinite integrals of the following func- 
tions : — 

1 A X X X X 

' ^TI' ^+1* ^+T' ^TI* iM^* 

2. 2*, :f*+3', a-hft' + c^. 

3. cos^-, cos'^.sinor, tan**^ sec*:r. • 

4. cot 47 -f- tan a?, cos^f- 1 — r-o- )• 

Vsm^ ^varxj 



1 1 1 



tan~^a? sin~^^ sec~^a? 
af-^+ef-^ cot a? 1 



x'+ef ' logsin^' xaec'^x.»Jx^-i 



CHAPTER III. 
METHOD OF SUBSTITUTION. 

25. Change of the Independent Variable. 

The independent variable may be changed from x 
to z by the change x = F(z)y by the formula 



\v<^-\vp^d., 



V being any fimction of x. 
Or if we write V=f(x)y 



'the formula will* be 






f{x)dx= \f{F(z)}FXz)dz. 

• • 


To prove 
then 


this, it i 


is only necessary to write 

• 

u= Vdx; 

• 

dx 


But 




du_du dx_ ydx 
dz^dx dz^ dz' 


whence 




v,=lv^dz. 
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/gtan ~ ^x 
-^cLic^ let tBi,TL~^x=z. Then 

1 dx _^ 

l+x^dz" ' 

and the integral becomes 

J 1+^ dz J 

26. In using the formula 

^fix)dx=\f{F(z)}F'(z)dz, 

after choosing the form of the transformation x=:F(z), 
it is usual to make use of differentials, writing the 
equation 

^ = FXz) as dx = F\z)dz] 

the formula will then be reproduced by replacing dx 
of the left hand side by F\z)dZy and x by F{z), 

Thus in the preceding example, after putting tan-^.r=2;, we 
may write 

-—-, = dz and / ^ ^dx = / f^dz = etc. 

27. We next consider the case when the integration 
is a definite one between specified limits. 

The result obtained above, when x = F(z) is 

\f(x)dx=^f{F(z)}FXz)dz. 
Let f{x) = ylr\x), 

then \f(x)dx = i/r(a;) + C ; 

and if the limits for a? be a and 6, we have 
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Now when aj = a, z = F- \a) ; 
and when x=h, z=F'\b). 

Al80 f{F(z)}=^ir{Fiz)}, 

and f{F(z)}r(z)=^yl.{F{z)}^=^^^{F(z)}, 

whence 

j f{F(z)}F'(z)dz^^ ^^{m}dz 

=yl.[F{F-Kbm-rl.[F{F-Ha)}] 
= ylr{b)-ir(a); 

SO that the result of integrating f{F(z)}FXz) with re- 
gard to z between limits F-\a) and F~\b) is identical 
with that of integrating f(x) with regard to x between 
the limits a and 6. 

Ex. 1. Evaluate / — -- cos V^ da:. 

J six 

Let ^=^2, and therefore dx=^2zdz ; 
:. \——QO^»Jxdx= j -cosz. 2zdz =2 j cos zdz=^2 Bin z=2 sin fjx. 

Ex. 2. Evaluate la^osa^dx. 

Let a^=^Zy and therefore Z3i^dx=dz ; 

.*. I a^Qos a^dx ^^\ cos zdz = ^ sin z=\mia^, 

Ex.3. Evaluate (^ , ^ dx. 

Put ^=tan Qy then dx=seG^6dO ; 

when ^=0, we have ^=0, 

when 07=1, we have ^=- ; 
4 
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:, C-JL- da: = r *?E| 8ec2^ dd = [\ec 6 tan 6 dd 
= [860^ |^ = sec^ - sec 0=\/2 - 1 
Ex. 4. Evaluate I — [i.e, J j sech ^ d!;:r]. 



Let c*=2, then e'cLc—dz. When 0^=0, ^=1, and when a:=l 
z=e. Hence 

r _^:^^= r_^ = rtan-^,T=tan-^.-tan-n = tan-^-^ 
J e'+e-' J l+z^ L Ji e+l 

1 

The indefinite integral is tan~ V. 

EXAMPLES. 

1. Integrate c*cosc* (Put €^=z), 

naf'-^cosaf (Put af=z), 

- C08(log X) (Put log X = Z). 

2. Evaluate f^^dx (Put a^=z\ f^^ (Put 0,^=0). 

J 1+^ J 1+ar 

3. Integrate acos^ + - — —^ ac'sin e* + 6 tanh a:. 
'•^'*'"**^/'3+£f^ (Put .+ 1=4 



5. Evaluate (^ , ^'^ (Put or +1=4 

- 6. Evaluate T ^f (Put ^-1=A 

{ (x-XyJx'-^x 

7. Evaluate f— pj^ dx (Put :p=02), 

^2V:r(l+^) 

8. Evaluate / — dx. 

J 2\Wl-^ 

9. Evaluate / - dx. 

J 2x^/x-l 
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Note on the Hyperbolic Functions. 

28. Definitions. 

For purposes of integration it is desirable that the 
student shall be familiar with the definitions and 
fundamental properties of the direct and inverse 
hyperbolic fimctions. 

By -analogy with the exponential values of the 
sine, cosine, tangent, etc., tbe exponential fimctions 

2 ' ¥~' ^+e-'' ' 
are respectively written 

sinhoj, cosh a?, tanha?, etc. 

29. Elementary Properties. 

We clearly have 

cosh^a;— sinh^aj =f — ^ — ) ~( — s — ) =1 
«^— 6'* sinha? 



tanhfl? = 
coth X = 



e*+6"* coshcc 
e^+e"^ _cosha;_ 1 
e*— e"*~"siiiha5"~tanha5 



cosh^aj+sinh^a? = ^?!^^)% (^!-^^' 



2 



-= cosh 2a;, 



2sinha;coshaj = 2 — ^ — '~~9 — ^ 9 =sinh2a;, 

with many other results analogous to the common 
formulae of Trigonometry. 
B. I. c. o 
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30. Inverse Forms. 

Let us search for the meaning of the inverse 
fimction sinh"^aj. 



Put 


sinh"^a3 = y, 


then 


a; = sinh3/= ^ 5 




:. e^y-2xey-l = 0, 



and ey = x±s/l+x^ 

Thus y = \og(x ± s/l+x% 

and we shall take this expression with a positive sign, 
viz., log {x + \/l + x^j as sinh " ^x. 

31. Similarly, putting cosh"^a; = y, we have 

tv+e-y 

X = cosh y = — s — 

and e^y'-2xey+l = 

and ey = x±\/x^^l, 

whence y = log (x ± Jo^ — 1 ), 

and we shall take this expression with a positive sign, 
viz., 

log (x + fjx^—l) as cosh " \c, 

32. Again, putting tanh"^aj = y, we have 

ey^e-y 
X = tanh y = -— -, 

and therefore e^y=- 

1 +iZJ 

whence tanh " ^aj = i loff :; . 
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x+1 



Similarly coth"^a; = J log 



33. We shall thus consider 



x-r 



. , .X .,, , x-\-s/x^+a^ 

sinh"^- synonymous with log , 

X X "4" iJ cXj^ ~~ ct^ 

cosh"^- synonymous with log 



a " " ° a 

X Ci'^X 

tanh"^- synonymous with J log , 

cb a "^ X 

and 

X X I CL 

coth"^- synonymous with J log . 

Cb X-^Cb 

34. The Gndermannian. 

Again, the function cos"^sechu is called the Gnder- 
mannian of n and written gd u. 

If a; = cos"^sechu, 

cos X = sech Uy 

sin aj = Vl — sech% = tanh u, 

1 , tanhu . , 

and tana;= — r — = sinhu. 

sechu 

Hence 

gd u = cos ~ ^sech u = sin " ^tanh n = tan " ^sinh u, 

35. Further, if u=logtan(^ + ^j, 

l + tan^ 

we have e^ = ; 

1— tan^ 
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, . X e«-l 

whence '*°2~c^H^' 

and tan 03 = 1^"^ /e«_i\2 

l-tan^ l-liMriJ 

4e^ 2 

Hence aj = tan " ^sinh u = gd u. 

Thus logtan(j+|)=gd-iaj, 

the inverse Gudermannian of x, 

EXAMPLES. 

Establish the following results :— 

1. [cosh^(i:r=sinh^. 4. jcosech%^= -coth^. 

2. f8inha7(i:r=co8h^. ^' /^^"^ = -sech^. 

3. /sech%c«^=tanh^. ^- /s^"^ =-cosech^. 

7. Writing sgx for singd^, etc., establish the foUowmg 
results : — 

(a) jcga?c?^=gd^. 

(j8) jcg^xcLc=Bgx. 



Similarly . = log— ^^^^^ = cosh - 1-. 
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36. Integrals of /-i — , and -r==,. 

The differential coefficient of logf "*" "^^^ "^ ^^ is 
1 ^ a 

plainly , 

Thus f-74^^=log^±-^?!±^^ 

c + s/x^-a^ 

37. In the inverse hyperbolic forms these results 

r x7 
resemble that for the integral 1 . , viz., sin"^-> 

Js/a^—x^ (^ 

and the analogy is an aid to the memory. 

38. We might have established the results thus : — 

f dx 
To find 1-7===. put x=a sinh w, then 
Wx^ + a^ 

dx = acoBh.udub and \/x^+a'^ = acoQhu. 
Hence [-7=^= = fcZu=i^ = sinh-i-. 

Similarly putting a; = a cosh u, we have 

f cZaj fa sinh u cZu f , , 

/-«.— 7=1 ^^r =lcZw=u = cosh- 

Jsjx^—o? J asinhi6 J 

Integrals of Ja^-x\ s/aF+od\ s/a^-a^ 

39. To integrate sjd?-x^. 
Let aj = asin0; 

then dx=acoa6d6, 



.-1? 
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and \j'^^^^dx=w\cos^ddd 

= -j-sin20+77^ 
4 2 

= Ja sin . a cos 0+ ^Q 
or Wo^-x^dx^-^^^ +2™^ a 

40. To integrate s/a^+x\ 

Let x = asiDhz, 

then cZaj = acosh0C?2;; 

then smce 1 + sinh2;3; = cosh^^, 

we have Wa^ + ^^dx = oA eosh% dz 

=|'((cosh2^+l)(i^ 

^ =jSinh22;+-o" 

= \a sinh z . a cosh 0+ ^-^^j 

ie. jsA^M^^da^= ^ ^^ -h^sinh i- 

or o +olog 
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41. To integrate Jx^-a^. 

Let aj = a cosh 0, i 

then dx = a sinh z dz ; 

then smce cosh^^; — 1 = siiih%, 



I fjx^ — a^dx^aA m^z dz 

= -^ \ (cosh 2z — l)dz 



= -rsinh20 — -s- 
4 2 



a-'^ 



= ^a sinh z . a cosh 2; — -^ , 



Xsjx^ — c^ a^ , _ia; 



i,e. Ivaj^— a2(Za; = -^^r ^cosh"^- 

J 2 2a 



Xfjx^ — a^ a^. x + s/x^^a^ 
2 2^*^^ a 

42. If we put tanaj = ^, and therefore sec^cfcc = d^ 
we have 






or 



2 +i\og{t+s/l+t^)^ • 

[by Art. 40.] 

tanajseca; , , 1 _/, , x 

= 2 h J log(tana3+seca;), .. 

sinaj . 1 1 1+sina; 



rx+iM 



2 cosmic * ^1— sino; 
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43. Integrals of cosec x and sec x, 

X 

2' 



Let tan ■^=z\ taking the logarithmic differential 



-see' 



gpc T dz dx dz 

f^dx=: — or — — = — . 



c^, X 2 z sinaj ^ 

2tan^ 

Thus Icosec x dx=^ I — =log z=log tan ^. 

In this example let x = ^+y. 
Then dx = dy, 

and I sec ydy^ log tan f ^ + 1 j. 

Hence lseca3cfcc = logtan f^+^j or gd-^a?. 

44. We have now the 

Additional Standard Forms, 



1; 



1^ 2 2a 
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I cosec xdx= log tan^. 
Isec X dx '=log tanf J +s) =gd"^a;. 



EZAMPZiES. 

Write down the integrals of 

'• vrb' ;^' ^ ^^"^' ^^"^' ^^"+^- 

2. ^ L_ 1 / .^ 1_ 

^ X X ofi x^ 



Vi-^' n/J2ZT' Vi-^' ^/^+T' 

g a:^+2^+3 ^+2^+3 a:^+2^+3 

7. v^£±I, J\±^, xj\±^, (x^rylJ^ 

^ x-\ ^ \-x ^ \ — x six — 2 

8. cosec2^, cosec(a^+6), ^ l+tan% 1 



a 



cos^^-sinV 1-tanV 3sind7-4sin3a7 
1 



sin 07+ cos :p' a sin 07+ 6 cos ^' 

10. Deduce / coseco;cLF=logtan^ by expressing cosec 07 as 

l(cot|ttan£). 

1 1. Find / sec xdxhy putting sin x=z. 
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12. Show that /seca7c£a7=cosh~^sec:p). 

13. Integrate 

1 1 1 



x\ogx x\ogx\og(}ogx^ J? log :rlog(logar)log[log(log :?;)]' 

1 

xl{x'^{x)P{x),.A^{xy 

when l^x represents log log log ...o^, the log being repeated 
r times. 

16. Prove C^2B£dx^:^\og{^\\o^ab). 

*» [St. Petbb's Coll., etc, 1882.] 



CHAPTER IV. 
INTEGEATION BY PARTS. 

45. Integration "by Parts" of a Product 

Since ^iuv)=n^+v^, 

it follows that u-v = I u^- ciaj + 1 v--r- dx, 

( dv J ( du J 

or \u-T-(ix = uv—\v^f-ax, 

J dx J ax 

If u = <f>{x) and ^ =\fr(x)y so that v= \\lr{x)dx, the 

above rule may be written 

|0(aj)^aj)da;=0(ic) lT/r(a;)rfaj ""l^'C^) IV^(i»)^^ \dx; 

or interchanging <j>(x) and \[r(x)y 

\<p{x)\l/'{x)dx = \l/^(x)\ \(f>{x)dx — Iv^'(ic) l0(aj)cfe \dx. 

Thus in integrating the product of two functions, if 
the integral be not at once obtainable, it is possible 
when the integral of either one is known, say ^a;), to 
connect the integral ^ 

\(l>{x)\lr{x)dx 
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with a new integral I^X^) IV^(a5)cfe \dx 

which may he more easUy integrable than the original 
product. 

46. The rule may be put into words thus : — 
Integral of the product <l>(x)\[r(x) 

= 1st function X Integral of 2nd 

-the Integral of [Diff. Co. of 1st X Int. of 2nd]. 

Ex. 1. Integrate ^ cos 72^. 

Here it is important to connect if possible jxcosnxcb: with 

another integral in which the factor x has been removed. This 
may be done if ^ be chosen as the function <f)(x), since in the 
second integral <^'(^), i,e, unity, occurs in place of a^. Then 

J n 

Thus by the rule 

J '^ n J n 

_ sin nx 1 / _ cos nx \ 
n n\ n I 

sinrw? . cos7w? 

=.r H H — 

n n^ 

47. Unity may be taken as one of the factors to aid 
an integration. 

Thus / log xdx= j 1 . log.vda: 

I = x log X" I a?;i-(log x)da! 

==^loga? — / Idx 
=4<log:r- l)=;r loge (^j. 
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Thus J^os na?t^=^E_^_ /"gy Sin^ ^^ 

•' n 

Hence / ^os7w?dp=^i5_^_2r .rcosw^- smJ^^■] 

^ a^BJiL nx 2^ cos nx 2 sin 92^ 

., *®- }^. ^^% of the subsidiary integrals returns into 

1^1 ?f ^1u ^?™ ^'^^^ ^^^ °^«'y be utilized to infer the 
result ot the integration. 

Ex. 1. f^ambxdx=^Binbx-^ f^coabxdx. 

'' a aJ ^ 

and j^Q^ i^^ ==^^^« fc^+^e-^sin hxdx ; 

therefore, if P and § stand respectively for l- 

J€f**smhxdx and I ef^coa bxdx, 
we have aP+ 6§=e«aBin fe^:, 

and -6P+a§=c«*cos6^, 

whence p=: ^ ^^ sin 6j7 - 6 cos bx 



and 0= <»«« ^ ^in 6a? + a cos 6^? 

^2+p 



=(a2+62)-^e-*sin (^bx-taji'i ^\ 

1= ,^ ^ sin bx+a cos 6j7 
^2+p 

=(a2+62)-^^cos (6^- tan-i ^ ). 
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The student will observe that these results are the same that 
we should obtain by putting %= - 1 in the formulae 

[Diff. Cole, for Beginners, Art. 61, Ex. 4.] 

And this is otherwise obvious. For if to differentiate 

c^^^(6^) is the same as to multiply by a factor 'JW+P and to 

increase the angle by tan~^-, the integration, which is the 

a 

inverse operation, must divide out again the factor Vo^+P 

and diminish the angle by tan*"*-. 

a 

Ex. 2. Integrate »Ja^ - x^ by the rule of integration by parts. 

, [ ^ 

= Wa'^ - .r* 4- / I—, — j ix 



=x»Ja^-xi^+l -7 \ ^ dx 
•f V a^ - x^ 

[Note this step.] 
=xsfc^^^+ahm-'^-J*^a\-x^dx; 
whence, transposing and dividing by 2, 

f /-5 oj xy/a^-x^ , «^c;«-i^ 

J z z a 

which agrees with the result of Art. 39. 
Ex. 3 Integrate e^in^^cos^^. 
Here e*'sin^^ cos'ar = — sin^2:r cos x = — (1 - cos 4a7)cos x 

— — (2e^*cos X - e^cos 3^ - e^cos 5^). 
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Hence, by Ex. 1, 

/(^sin^x co&^a: cLv = — -r- - cos ( ^ — tan" ^ - ) 

3^2 V 4/ V34 V 3yJ 

[Compare Ex. 16, jx 55, Dtf, Cede, for Beginners^ putting 
n——\ in the result.] 

EXAMPLES. 

Integrate by parts : 

1. ,a?e*, ^e*, .r^e*, ^cosh^, ^osh:r. 

2. ^cos^, a?2cosar, a* cos 2^, ^cos^^, ^rcos^^. 

3. ^sin^cos^p, ^ sin ^ sin 2a; sin 3^. \ 

4. ^^log^, af^logx, ;r"(log^)2. 

5. c*sin ^ cos ;«?, c*sin ^ cos ^ cos 2a?. 

6. e***sin|?:i? sin 5^0; sin rj7. ., 

7. Calculate / ^sin^c?^, / xsin^xdxy j a^mxdx, 



8. Show that r^JW^^dx^'^. 

i ^ 

9. Integrate jsm~'^xcLv, jxain'^xdxj j xhin^^xdx, 

50. Geometrical Illustration. 

Let PQ be any arc of a curve referred to rectangular 
axes Oxy Oy, and let the coordinates of P be (oJq, y^X 
and of Q (x^, y^. 

Let PNy QM be the ordinates and PN^, QM^ the 
abscissae of the points P, Q. Then plainly 

area PNMQ = rect. OQ - rect. OP - area PN^M^Q. 
But area PNMQ = Py da;, 



48 
and 

Thus 
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jV dx = (x^y^ - ajo^/o) - J '« % 




Kg. 7. 

Let us now consider the curve to be defined by the 
equations 

fl5 = 0(Q = u, say, 
and y = VK0 = '^»8ay, 

and let Iq and ^ be the values of t corresponding to 
the values Xq, y^, and x^, y^ of x and y respectively. 
We then have 

I yciaj=l i;du=l '^-jidty 
and 1 aJcZ2/=l i6dt;=l vu-jdt, 

and x^y^ - x^y^ = ['^^]|^ 
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so that the equation above may be written 

and thus the rule of integration by parts is established 
geometrically. 

61. Integrals of the Form 

|A^smna?e2a?, la?*^osna?efo7. 

Reduction formulae for such integrals as the above 
may readily be found. Denote them respectively by 
8m, and 0^. Then, integrating by parts, we have at 
once 

and 0^1= x'^ -- — -/S^.j. 
n n 

Thus 



Sm= -X' 



coanx , mF ^ .sintia; m— 1 



n 



- X"^'^ Sm-2 , 

nL n n J 

and Cm= 0^ -oS^'^ H C^-i L 

i.e. S„=_x-?5^+«ur»-i«^:^-^7ik.,, 

and (7„= a^^5i?^+^-i«<?f«_K"^-')0„. 



n ' n* n" "*'** 



Thus when the four integrals for the cases 7n=0 
and 7n.= 1 are found, viz.. 



?o=|«r 



;»n= \fiinnxdx= — 



71^ 
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Gft = I cos nxdx= , 

a ( ' 7 cosnx . sin^ia; 
/S, = \xaiiinx(ix= —x «— , 

^ f , sin 7105 . cosnx 
C. = \xcoB7ixdx= X «— , 

all others can be deduced by successive applications of 
the above formulae. 

52. Extension of the Rnle for Integration by 
Parts. 

If u and V be functions of x and dashes denote 
differentiations and suflixes integrations with respect 
to X we may prove the following extension of the 
rule for integration by parts, 

+ ( - l)»*-%("-%n + ( - lyW^^hndx, 

where u^^^-i) is written for u with n — l dashes; for 
I uvcJa; = uv^ — I u\dx, 

\u\dx =u'v2 —yiiJ'v^dx, 

VaJ'v^dx =u"v^ — lu'"t;3(iaj, 

[vf'\dx = u''\ - {vf'\dx, 
etc. = etc. 
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Hence adding and subtracting alternately 

+ ( - !)'*-%(«-%„+( - lyivf^^hndx, 

Ex. 1. If we apply this rule to jx^el^cLv, we immediately 
obtain 

J a a^ a^ 

-m(m-l)(m-2)^-«?^+...+(-irm!-^,. 

Ex. 2. It will be at once seen that the integrals 
jaf*^amruvdx and j af^cosTixcLv 
of the last article may be treated in this way. 

EXAMPLES. 

Write down the integrals of 

1. a^e', ^C9sh^, :r^sinh^. 

2. ail^aixiJi^j ^sino:, ;r^8in2.a7, j?*sin ^ cos :r. 

3. Evaluate / a^sina^da:, I a^coaxdx^ I afi^cLv, 

•o -0 -i 

53. The determination of the integrals 

Ia5**e^sin bx dx, laj'*e*^cos bx dx, 

may be at once effected. 
For remembering 

, b 

where r=/^a^+b^ and tan ^ = -, 
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we have 



^ ^r. ' /I. . \ 'J^aj 



,n-l 



I xH^^m bxdx= e^Bin (bx — 0) ^—e^^sm (bx — 20) 



f ^^^» ^^a ;^-V^sin(6g;-30)-.., 



^ 



7l! 



+ (- l)";^i^sin (^^-'^+ l^X 



or e^{P sin 6a; — Q cos 6a?} 

where 



P=— COS0 — n— ^cos20+n(7i— 1)— 3- cos30— ... 

X^ /p«-l cc**~^ 

Q = ~ sin0 — n — g- sin 20+71(71 — 1)— 3- sin 3^—... 

Similarly 

laj^e^cos bxdx = e^{PcoHbx+Q8mbx}, 

Ex. 1. Integrate I a^e^inx da:. 

Since le'sma^dx = 2~*e'sin(^-^ j, 

we have r^c*8in^£^=^2'^c*sin(^ "" i) " 3^2"*c*sin(^ - 1^ 

+ 6^. 2"Wn(;r - ^^ - 6 . 2"^c'8in(.r-7r) 

=etc. 
Ex. 2. Prove 

EXAMPLES. 

1. Integrate (a) [^'^""'"'dx, (d) fta,n-\vda:. 

(b) ja^^airr^xda:. (e) ja^t&ii''^xda:, 

(c) jx&ec^a^dx. (/) lcoB~^-da:. 
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2. Integrate (a) (""-^^^'dx. (c) (^in-^ J^cLv. 

3. Integrate (a) (^^'dx. (c) f^^''\ dx. 

■' ^+^ ■'(l+x^)* 

4. Integrate (a) |e*(sina7+cos^>ilr. (<i) faycosha^sinfta?^^. 

(b) ja;efain^a;da;. (e) fx^2'^m2a:dv, 

(c) j cosh CU7 sin bxda;. (/) / cos ib log-XcLc. 
6. Integrate j\og-8m-^a;cLv. 

6. I-tegrat. /^^^.. 

7. Integrate /-Mcos^+x/^^^)^^ 

^ J 1-C0S2(9 [a, 1891.] 

8. Integrate fcos2^1og(l + tan ^)c?^. 

^ [7,1882.] 

a Integrate (a) L-^+^'H^^. 

J 1+ COS 07 [Math. Tripos, 1892.] 

'J 1-cosar [o, 1892.] 

10. Prove that fuf^,da;=^u^ - v^+ (v^^dx, 

J dx^ dx da; J dx^ 

11. Integrate /(asin%+26sin^cosa7+ccos2a7)c*c^. 

[a, 1883.] 
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12. Show that if ?* be a rational integral function of ^, 

where the series within the brackets is necessarily finite. 

[Trin. Coll., 1881.] 

13. If w= I ef**co8 ba:cLvy v= j ^*^mb.vcLcy prove that 

tan-^- + tan-^- = 6^, 
u a 

and that (a^ + b^){u^ +ir^)=e^. 

14. Prove that 

J m+1 m+lJ 

Also that 

fa;-(log.rrc/.r=^!^T^"--J^-^---^ + 7^^-"%-^ 
J ^ ^ ^ m+lL m+1 (m+iy 

(m + iy (m+l)«-i (m+1)" J' 

where ^ stands for logo?. 

15. Prove that 

(i.) [^cm»bxdx=?^^^^p^^^^^<f"cos'-'bx 
J a^+rrh^ 

a-+n^b^ J 
(ii.) f6-sin"6a;c^=^«^"^f-fj^»^-^^sin-^6^ 

+^(^1^1)52 f e«*sin"-2i,a;ci;r. 

[Bkrtrand.] 

16. Evaluate /ar*log(l -^)d[a;, and deduce that 

1.6''"2.7''"3.9"^**~9 3^^*' [a, 1889.] 



CHAPTER V. 

RATIONAL ALGEBRAIC FRACTIONAL FORMS. 
PARTIAL FRACTIONS. 

Algebraic Fractional Forms. 

54. Integration of 

1 1 

^3^(aj>a), and ^^^^^(x<a). 

Either of these forms should be thrown into Partial 
Fractions. Thus 

)a:?—a^~2a}\x—a~x+a/ 

" 2^^**^ (»-«)- log (.X+ a)] 

= 1 log^« r=-lcoth-^1 
2a ^x+a La aJ 

]a?—x^ 2aJ\a+a; a—x) 

^^cP"^^ («+«) -log {a-x)] 

= 1 log^^ r=ltanh-^^l. 
2a ^ a—x La aJ 
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(Compare the forms of the results in square brackets 
with the result before tabulated for -. ^ viz., 

Ja^+a?^ a a/ 

55. Integration of J - ^ 



]cix^+bx+c 



-J. , y I f dx If d^ 

-r/J — 'T.J — I fji J I — 



a;^+-aj+- 






a a \ 2a/ ^o? 

dx 

6V . 4ac-62' 



If Ar 

or -I- 

aJi 



'('-^ 



4a2 



we take the former or the latter arrangement ac- 
cording as 6^ is > or < 4ac. 
Thus if 62 > 4ac, 

7___L_i 2aa;+6-/v/62 -4ac 
''y/b^-4>ac ^^2ax+b+^b^'^iac 

2 ,, , 2ax+b 

or ^_==coth"*—>- -=-—=, 

s/o^—4iac s/b^—4iac 

If 62 < 4ac, 

, 2^1 2aaj+6 

/= / ==--tan"^ , - 

J^ac-b^ V4ac-62 

2 ^ 1 2aaj+6 

or i cot*^ — . 

J^c-b^ V4ao-62 

These expressions differ at most by constants, but in 
any given case a real form should be chosen. 
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56. Integrals of expressions of the form 
px+q 
ax^+bx+c 

can be obtained at once by the following transforma- 
tion ph 

px+q _ p (2ax+b) ^ 2a 

aa^+bx+c''2a cuc^+bx+c ax^+bx+c 
the integral of the first part being 

^log {cuc^+bx+cl 

and that of the second part being obtained by the last 
article. 

[The beginner should notice how the above form is 
obtained. It is essential that the nv/merator of the 
first fraction shall be the differential coefficient of the 
denomiTiator, and that all the x'% of the numerator 
are thereby exhausted,"] 

^ r x_ , _ rri 2ar+4 2 n . 

= i log(^ + 4r + 6) - 2 tan-i(^ + 2). 

67. Although the expression px+q may be thrown 
into the form ^ mh 

by infection, we might proceed thus : — 

Let px+q^\{2ax+b)+ fly 

where X and fj. are constants to be determined. Then 
by comparing coefficients, 

2aX=p, Ai+X6=y, 
giving \ = g and M=?-|J. 
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EXAMPLES. 

Integrate 

1 (_Jodx__ ^ f {x+ 

' J 072 + 2^+3' * J 3 + 2; 



l)da^ 



2 + 2^+3 J3 + 2x-a^ 

^-1)2 



2 f_£dx_ g fjx- 



^ x^+2x+l' J af^+2x+2 

/*_^jfl_ . ft /•2^3^4 

'^+4^+5 ^' J ^+6^+10 



ci?;r. 



68. General Fraction with Rational Numerator 
and Denominator. 

Expressions of the form A-4, where f(x) and ^(a;) 

are rational integral algebraic functions of x, can be 
integrated by resolution into Partial Fractions. 

The method of putting such an expression into 
Partial Fractions has been discussed in the Differential 
Calculus for Beginners, Art. 66. When the numerator 
is of lower degree than the denominator the result 
consists of the sum of several such terms as 

A A Ax+B , Ax+B 



x^a' (x-ay ax^+bx+c' [{x+ay+b^Y 

And when the numerator is of as high or higher 
degree than the denominator we may divide out until 
the numerator of the remaining fraction is of lower 
degree. The terms of the quotient can in that case 
be integrated at once and the remaining fraction may 
be put into Partial Fractions as indicated above. 

Now any partial fraction of the form integrates 

at once into A log (x-a). x—a 

A . 

Any fraction of the form -r-; r^ integrates into 

\X ~" a) 

1 A 

r—\ (»— a/"^' 
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Any fraction of the form — « 7-7 - ; — has been dis- 
cussed in Art. 56. ax^+hx+c 

And when any repeated quadratic factor such as 
[{x+aY+h^Y occurs in (f}{x) giving rise to partial 

fractions such as r/ . \2 1 ^2ir ^® ^^7 iiitegrate such 

a fraction by the substitution x+a=h tan 0, by aid of 
Art. 67 or Art. 83. 

But it is frequently better to factorize {x+af+h^ 
into its imaginary conjugate factors x+a+ih and 
ic+a — i6, and obtain conjugate pairs of partial frac- 
tions of the form , — ; f -7 w+z^ . -^w which may 

{x + a + ihf (x+a^iby ^ 

then be integrated and the result reduced to real form 
by aid of De Moivre's Theorem, as in Art. 63, Diff. 
Gale, for Beginners, 

59. E.l. Integrate /^-f^^^^i-^^. 
We have 

(x — a^x— b){x — c) (a - b){a — c)x-a (b — c)(b — a) x — b 



'^(c-aXc-b)x-c~'^(a^b){a-c)x-a ^' 

(a - b){a -c) 
Ex. 2. Integrate -. -^-. — -^, 



and the integral is 2. ^\^^^^s ^^S(^ - «)• 



Let ^ _ A Bx+C 

(x-lX^'^+4.)~x-l'^ x'+4:' 

Then A(x^+4)-^(Bx-{-C){x^ l)=x. 

Thus 



A+B^O, ] 
C-B=l, \ 
4A-C=0;j 



4A- 
whence .i=i, 5=-^, C=f, 

and ^ -^ ^ 1^-4_1 J J_ _2^ 4 1, 

(a7-lX^+4)~5 07-1 6 ^H4"6 i-1 10 ^+4"^5 ^H4 ' 
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and the Integra] is 

i log(^- 1) -1 log(^+4)+? tan-«| 

Ex. a Integ^te j^-^^-^. 

Put iF-l=y. 

Hence the fraction becomes = 



(i+.y)' 



'2+y" 



Dividing out until y^ is a factor of the remainder, 

Hence the fraction 

{l+yf ^ 1 ,3 111 1 1 



and therefore 



x^ 1 I 3 1 

a + TTi: 1A2+C 



(^-l)3(a:+l) 2 (^-1)3 "^4(^-1)2 "^8(07-1) 8(a;+l)' 
and the integral is 

Ex.4. Integrate /^__^^_^. 

Let x=\+y ; then 

l+2y+.y^ 



(a:-l)V+l) yX2+3y+3i^2+^3) 
"We now divide out 

l+2y+y2 by 2 + 3^+3y2+J^ 
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until ^ is a factor of the remainder. To shorten the work we 
use detached coefficients : 

2+3+3 + 1)1+2 + 1 ( J+Jy_|yii+,i^. 
1 + f+f+i 

Hf+f+i 
-}-f-i 

-5-y-¥-f 
f+¥+f 

Hence ^ - 1 . ^ ^1^1^ ll-5y-5y2 

Now ll-5y-52^2=,ii_5(^_l)_5(-P„l)2=ii+5^_5^^ 

and by Rule 2, p. 61, of the Diff, Cole, for Beginners^ 

11 + 5^ -50:2 1 xW 

(^+1X^-^+1) 3(a;+l)"^.^*-*-^H-l' 

. ^f V ll + 5a?-5^2 I ^-;r+l 32 + 16^- 16a;2 

and X(^)- ^^^ -3 — ^^ =_^_^^^^ 



Thus 



1.1 I 



{X- 1)*(573+1)~2(^- 1)*^4(^- 1)3 8(^-1)2 

5 1 1 1 (2^-l)-3 



and the integral is plainly 



^ • ^ x+4m^-i) 



6(ar-l)» 8(^-iy^8(a?- 1)^16 
+^log(^+l)-llog(x»-^+l)+^tan-?^^. 



62 
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EXAMPLES. 

1. Integrate with regard to x the following expressions :- 



(i-) 
(ii.) 



{x - d%x — b)' 
1 



, . s 1 - 3^2 
(vii.) 



(A'-aX^-^X^-c)* 



(iii.) A.4-a)-(.^6)- (viii.) |^f^>. 



(iv.) 



^2 + 1 



^ •''(2^ + 1X^-1X^+1) 

2. Evaluate 

^'-^ /(^-i)\^+iT 

.... r (:r+l)c^ 
^"'•^ j(:l?-l)2(^+2)2' 

3. Integrate 



*^ (^-alX•^-^X^-^)' 



(X.) 



a^ 



(^+1X^-2X^+3)* 



(iv.) f{cuv^+bjc^)-^ch. 

(v.) f{a^-l)-^dx, 

^""''^ j{x-a)\x-hXx-c)' 

('•^ j (^2+a2)(^+62y ^ -^ j (^2 + i)(2.r2+i) 

(''•) j (i^+c^X^+^T -^ (^2 + 2X2^2+1) 



4. integrate 
f'\ ( x dx 






(Vii.) J 



(v.) /*(a:2H-a2)(^+a2^+a*)-^c?:r. 

(Vi.) /'(^2_«2)(-j;4 + a2^ + a4)-lfl^. 



•;r2+3^+l 

^ + :P2+1 
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5. Integrate 

(iii.) ^ ^^ -^. (viii.) ^^ 



(iv.) ^±^dx. (XX.) , ^V-,- 

^ •'' (^+l)(^+l)' ^ '' (^+1X^-4)" 
6. Integrate 

(i.) , ^ .. (vi.) ^ 



(ii.) J^ (vii.) ^ 



(1+^)2(1+ 2^+ 4r2y ^ •''^i+ar3+2^y 
(iii.) ^^_. (viii.) _(^+_«M^^_. 

'^ '-^ (^ - l)2(a;2 + 4)- V ; ^^ _ ^^^^ ^ ^2)- 

^'""•^ (^+l)2(a;2+iy ^ -^ (1+^X1 +^T 

(^•) (^ri)2(.^2+iy (^•> ^^pTr)^"^* 

ir » 

7. Evaluate Tv/tan^c?^ and rjcotOdO. 

*0 

8. Obtain the value of / — j ^ — ^-h — . . . » 

J co8*:r — cos^^ sin^o; + sm*^ 



nves iga | (i+sina;)(2 + 8in^y 
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11. Prove that 

{a^±ax+a^Xx^±hx+h^)~ ^^ ab{a^ + ah + b^)' 
~* [Colleges 7, 1891.] 

12. Show that the sum of the infinite series 

---^-1.+ ^^^ Kt + '" («>0, b>0) 

a a + b^a+2b a+36 ^ ^ 

can be expressed in the form 



J T+? 



and hence prove that 

i-i+HA+A-TV+-=JM"*+log^). 

[OxpoBD, 1887.] 



60. 



CHAPTER VI. 
SUNDRY STANDAED METHODS. 

L Integration of l-y= where R=(ia?+2bx+c. 



Case I. a Positive. 

When a is positive we may write this integral as 
I f dx 

> a a 
which we may arrange as 
1 f dx _l_f d^ 

according as h^ is greater or less than ac, and the real 
form of the integral is therefore (Art. 36) 

1 , , ax+h 1 . , _, ax+h 

— 7=cosh"^ . or — T^rsmh ^—j====, 

s/a s/o^ — ac s/a \/ac—b^ 

according as b^ is > or < ac, 

B. I. c. B 
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In either cajse the integral may be written in the 
logarithmic form 

-y- log {ax + 6 + tjajoa? + 26a;+c), 

the constant -,- log ijl?' '^ ac being omitted. 

Also since cosh 'h= sinh - ^s/z^—l, 

and mnh-^z = co8h'^\/z^+ly 

J_co8h-i-^tL= J- niTih- ^ ^^ 
>v/a s/b^—ac s/a s/h^ — ac 

J 1.11 «iB+6 1 , T >v/ai2 
and — 7-sinh"^— 7~-=== = — 7=cosh ^ . ,^ , 
fja s/ac-'ljr s/cb vac— 6^ 

which forms therefore may be taken when a is positive 
and 6* is greater or less than ojc respectively. 



61. Case II. a Negative. 

If in the integral I ^ , a be negative, 

write a = — -4. Then our integral may be written 
1 f dx 






or 



A ^A 
dx 



1 f dx 

J^] l Ac+b^ (^ hY 



1 . , Ax—b . 1 . ,— ooj— 6 
V^ V^c+62 V-a Jl^^ac 
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or omitting a constant 

1 1 ax+b r„ . — ~1 

Also since cos -h= sin - ^Jx^^^ 

we have co8-i-^^±L = sin-^^^^3 

It thus appears that when R = ax^+2bx+c 
( 1 . ,s/-aR 



f dx 



7^ '""'3^=:^' ""^g''*^^^' 



1 • i_i s/cbR 
-T^sinh 1— Jf==, 

or —7= cosh ^ / , 

va s/ac — b^ J 



^>ac. 



■ a positive. 



'<aa 



and the real form is to be chosen in each case. 

Ex. 1. Integrate f-f=M . 

We may write this 






3^+4 
dx 



=4sinh-^^^^±l^, 

\/2 \/23 

= 4^ cosh-i?^V2^H-3^+4, 
\/2 V23 



- ^ brf ^+^ I J(^+3)H23 \ 

l=_^log(4r+3 + 2\/2\/2^+3^ 
v2 

{ rejecting the constant — = log -j— ). 
V V2 V23/ 



1.6. the integral = -^ log(4r +3 + 2 oHiJ'i^ +3^+4) 
v2 
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Ex.2. Integrate f , ^^ 

This integral may be written 

^ 1 /• dv 

and therefore is -=1 sin~^ — j^, 

V2 n/41 

which may also be expressed as 



1 cos-^?^4 + 3^-2r». 
\/2 /^/il 



EXAMPLES. 

c?a7 f dx 



1. Integrate [-j=^=, [-== 



+ 207+3 

2. Integrate ( —=M==, [ , ^ . 

3. Integrate / ija+2hx+ca^dx (c positive). 

4. Integrate \^la-\-'2^bx-cx^dx (c positive). 

62. Functions of the Form -7====== may 

be integrated by first putting Ax+B into the form 

\{ax+b)+iui, 

which may be done as in Art. 57, either by inspection 
or by equating coefficients ; we obtain 

Ax+B^^iax + b)+B-^. 

Thus £.^4P 

Ax+B _A ax+b a 

s/ax^+2bx+c a js/ax^+2bx+c s/ax^+2bx+c 
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The integral of the first fraction is 

and that of the second has been discussed in Articles 
60, 61. 



Integrate 



TnrAMPT.-Rg 



^+1 ^ 2a?+ 3 rj ^+^+1 



V^H 207+3 'Jx^-i a/^+2^+3 

X g 2o7+3 Q o;^^.^^^^! 



sT^+a^' ' V^+07+l' ' n/^H2o?+3* 

07 + 6 g 072+1 



Powers and Products of Sines and Cosines. 

63. Sine or Cosine with Positive Odd Integral 
Index. 

Any odd positive power of a sine or cosine can be 
integrated immediately thus : — 

To integrate I sin^^+^a; dx, let cos x=c, 

,', 8mxdx= —dcy 
Hence 

fsin2«+ia; daj = - [(l-c2)«dc 

. cos^cc 71(72.-1) cos^a? , . -. cos2"+^a; 
= .cosx+r^-g— ^j-2- .-5- + --(-l)»^^i+r- 



70 INTEGRAL CALCULUS. 

Similarly, putting sinic=8, and therefore eosa;daj=cfo, 
we have 



jco82~+iaj daj = f (1 - 9^Yd8 



64. Product of form fsmPxcoz^Xy p or q odd. 

Similarly, any product of the form sin^arcos^a; 
admits of immediate integration by the same method 
whenever either p or qis a positive odd integer, what- 
ever the other be. 

For example, to integrate I ain^o! coa^x dx, put cos^=c, and 
therefore - sin ^ o^ = cfc. 

Hence / cos*^ sin^^ d^ = - / c*(l - c^fdc 

COS^^ , oCOS^^ cos®^ 

=-- 5-+^-7 — r- 

Again to integrate / aiirxcoa^xdx we proceed thus : — 
= / sin*a;(l -8in2^)rf(sina7) 
= f sin'^ - 1^ aia^x, 

65. When p+q is Sk negative even integer, the 

expression sin^aj cos^a; admits of immediate integration 
in terms of tan x or cot x. 

For put tan 03 = ^, and therefore sec^aj da; = ci^, and let 
p + q= —2n,n being integral. Thus 

[sin^a; cos^a; dx = [tanPa; cooP+^+^x dir= \tP(l + t^Y ' Ht 

_ tanP+^a; ^.^^ tanP+^a; „ ^^ tan^+^a; tanJ>+^-^ 

" ;p + l ^ ^ij9 + 3"*" 2^+5 '^'"^p + 2n^l 
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Similarly, if we put cotaj = c, then — cosec^a;da:=c?c, 
and 

|sin^a;cos^a;cte=-lcot^ajsinP+5+2^cic ^^Ac^il + i^y^'^dc 

2+1 ^9+3 ^9+5 "'9+271-1' 

a result the same as the former arranged in the op- 
posite order. 

Ex. 1. Integrate f^^^dx. 
J sin**^ 

This may be written 

- /cot2a7(l+cot*^)c?cota7, 

and the result is therefore 

_ cot^_cot*^ 
""~3" ~6~' 
It may also be integrated in terms of tan^ thus : — 

jsin«^ jtanV 5 3 * 

the result being the same as before. 

Ex. 2. 

f sec^^ cosec*^ dS = /^tan~*^(/tan ^= -f tan"^^= - |cot*^. 

66. Use of Multiple Angles. 

Any positive integral power of a sine or cosine, or 
any product of positive mtegral powers of sines and 
cosines, can be expressed by trigonometrical means in 
a series of sines or cosines of multiples of the angle, 
and then each term may be integrated at once; for 



!■ 



, smtiaj 1 I . 7 cosTia; 

cosmcaic = and Ism 710500?= . 

n 3 n 
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ri+co8 2a7 ,^ X Rm2x 



Ex.1. |cos2^(^=Jl±^(i^=|+! 

Ex.2. |co83:g(^r=j'^^^^+^^»^^c^^=}8in^+TV8in3^. 

Ex.3. |cos%c^^=|(l-±^)'(ir 



/»l+2co8 2^+ ^^^^°^ 
~"J 4 0^ 

= /(|+Jco8 2^+Jco8 4r)cite 

= f ^+ J 8in 2a; + ^ sin 4r, 

67. It has already been shown that when the index 
is odd no such transformation is necessary, thus in 
the second example 

IcoQ^xdx^ /(I -8m2^)c?8in;r=sin^-5EL^, 

which presents the result in different form. The 
methQd we are now discussing will therefore be of 
more especial value for the case of sin^a; cos^aj, where 
neither p nor q are odd, 

Ex. 4. Integrate jsin^xdx. 
Let cos x+t sin x =y ; then 

2cos^=y+-, 2cosw^ =y**+ — , 

2t8ina7=y — , 2tsinwa7 = y**— — . 

y y* 

Thus 

2Vsin®a: = (y-- J 

=2 cos 8^- 16 cos 6^+56 cos 4^- 112 cos2a:+70. 
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Thus sin^^ = ^^(cos 8^ - 8 cos 6j7 + 28 cos 4r - 56 cos 2^7 + 36), 

J 27L 8 6 4 2 J 

Ex.5. Integrate Imi^XQO&^xdx. 

Put cosa?+fcsin^=y ; then 
2*6%in^ar . 2^008*^ 

= (y-^y(y+^y [See Art. 68.] 
=/+^-4(y> + ^)+4(3^ + ^)+4(y« + i,)-10 
=2 cos 85i;~ 8 cos 6^+8 cos4:p+8 cos 2^?- 10, 
and sin®:i;cos2^=-=-j -cos8^+4cos6a?~4cos4:p— 4cos2a7+5 }-, 
whence 
Lm^xco^\vdx=U ,gi°j;^4sin6^^^sin4g,48in2j; ^^\ 
J 2H 8 6 4 2 J 



68. NoTB. It is convenient for such examples to remember 
that the several sets of Binomial CoeflBicients may be quickly 
reproduced in the following scheme : — 



















1 














2 


1 












3 


3 


1 










4 


6 


4 


1 








5 


10 


10 


5 


1 






6 


15 


20 


15 


6 


1 




7 


21 


35 


35 


21 


7 1 




8 


28 


56 


70 


56 


28 8 



1 

etc., 

each number being formed at once as the sum of the one im- 
mediately above it and the preceding one. Thus in forming 
the 7th row we have 

0+1 = 1, 1 + 5=6, 5+10=15, 10+10=20, etc.; 
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and in multiplying out such a product as (y--j (y+-j 

occurrinc above we only need the coefficients of {l-t)\\ + ty 
and all the work appearing will be . 
coefficients of {\-tf are 1-6+15-20+15-6+1, 

coefficients of (l-/)«(l + are 1-5+ 9- 5- 5 + 9-5 + 1, 
coefficients of (l-^)«(l + <)2 are 1-4+ 4+ 4-10+4+4-4+1, 
each row of figures beinff formed according to the same law as 
before. The student will discover the. reason of this by per- 
forming the actual multiplication of a +6^+ c^^+c?^+ ... by 1 + ^, 
in which the several coefficients are aya-k-h,h-k-c,c-\-dy etc. 

Similarly if the coefficients in (1 + ^)*(1 —{f were required, the 
work appearing would be 

1+4+6+4 + 1, 

1+3 + 2-2-3-1, 

1+2-1-4-1 + 2+1, 

and the last row are the coefficients required. 
The coefficients here are formed thus : — 

1-0=1, 4-1=3, 6-4=2, 4-6= -2, eta 

EXAMPLES. 

1. Integrate 

sin^^, sin3.r, sin*j;, sin*^^, sin®.^, sin^^, sin^o:, sin*»+^^, 
doing those with odd indices in two ways. 

2. Integrate 

sin^^cos^jF, sin^^cos^or, sin^j; cos^j;, sin^o? cos*j?, sin^^cos^o?. 

^ y , , sin^j; cos^j? 1 1 

cosV sin^a;* sin^^cosV sin*a?cosV 

rl rl ri 

4. Evaluate / sin^^c^, / cos^^c^, / cos^xch, 

*i *{) 

5. Integrate sin2^co82j;, sinSorcos^^, sinnaycos*^. 

6. Show that 

/ sin a; sin ar sin 3a: da7= - J cos 2X'-^coa4x+i^ cos 6^. 



7. Show that 



(i.) / 



, coa(m-\-n\v coa(m — n\v 

sm?na;cos7fcrcM7 = -—^ — - — f- tz) r-- 

2{m+n) 2{m-n) 
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(il) lemmxBmnxdx^ ) J^ \^f 

(in.) /cos7iw?co8 7ia?c^=-— ) f-H — ^; f -. 

^ ^ J 2(m-n) 2(m+w) 

Deduce from (ii.) and (iii.) jsinhnxclx and Ico^hnxdx, and 
verify the results by independent integration. 

Integral Powers of a Secant or Cosecant. 

69. Even positive integral powers of a secant or 
cosecant come imder the head discussed in Art. 65. 

Thus Isec^ajciB =tana;, 

I sec^aj dx =1(1+ tan^aj)^ tan 



= tanaj4 



X 

tan^oj 



3 ' 
I sec^a; dx =1(1 + 2 tan^a? + tan*a5)c? tan x 



, , ^tan^ic , tan^a; , 
=tanaj+2— g — | — g— , etc., 



and generally 

Jsec2~+2a5 cZaj = I (1 + P')'^dt where ^ = tan aj 



/8 fb /2n+l 

= ^ + naJ+<-+...+ ^ 



-13 -T ^^^^'-^2n+V 
Similarly 

Icosec^ajdaj =— cotx, 

I cosec^aj dx = — 1(1+ cot^aj)^ cot x 

Qoi^x . 
= —cot a; ^— , etc. 
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and generally 

cosec2'*+2^ (fo; = — c — ''Cj-^ — "Cg-^ - . . . - ^ 



271+1 
where c = cot a?. 

70. Odd positive integral powers of a secant or 
cosecant can be integrated thus : — 
By differentiation we have at once 

(7i+l)sec'*+^a; —no&cPx = -^(tanajsec^aj) 
and 

{n + l)cosec'*+2aj — n cosec^a? = — -7-(cot x cosec^a;) 
whence 



A. 



(7i+l)lsec~+2^dfl; = tanajsec'^aj +nlsec"ajda; 

and 

(7i+l)lcosec'*+%jdaj= -cota;cosec'*aj+?ilcosec'*ajc?aj 

Thus as I sec a; cJaj = log tanf ^ + ^ V 

and I cosecajcZaj = log tan^, 

we may infer at once the integrals of 

sec^aj, sec^aj, sec^aj, ...; cosec^aj, cosec^a;, etc., 
by successively putting 7i=l, 3, 5, etc., in the above 
formulae. 

Thus /sec3^ciZa7=^tan^sec^+iIogtan(^4-^ j, 

/ sec^^ c^= J tan x sec3ar+ 1 / sec^o? 

= J tan ^ sec^^r + f tan .2? sec^a; + f log tan ( - -I- ~ j , 
etc. 
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71. Such formulae as A are called "reduction" 
formulae, and the student will meet with many others 
in Chapter VII. We postpone till that chapter the 
consideration of the integration of such an expression 
as sinPflJcos^aj except for such cases as have been 
already considered. 

72. Since a positive power of a secant or cosecant 
is a negative power of a cosine or sine, and a positive 
power of a cosine or sine is a negative power of a 
secant or cosecant it will appear that we are now able 
to integrate any integral positive or negative power 
of a sine, cosine, secant, or cosecant 

Integral Power of Tangent or Cotangent. 

73. Any integral power of a tangent or cotangent 
may be readily integrated. 

For I tan'^aj dx = I tan** " 2a:(sec^ — l)dx 

= Itan'^'^ajdtanaj— ltan""*ajcia: 

tan'^-^a? f x « 9 j 

= z |tan'*"^ajaa;. 

n— 1 J 

And since Itan ajda5=logseca:, 

and ltan2a;(iB=l(sec^a5— l)c?a;=tanaj— 03, 

we may integrate tan^aj, tan*a;, tan^a:, etc. 

Thus we have i toxica: dx= I tan ^sec^^— l)t£ir 
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=£?5^-taii^+^, etc. 
3 

By continuing this process we shall evidently obtain 

fuin^a:d^ - tan^^^ tan^^ tan^»^ 
J 27i-l 27i-3 ^ 27i-5 ••• 

+ (-l)*^itan4?+(-l)-^, 

and ftan2"+iar^=^55!!f ,tan^^^^ tan^-^o;^ 
y 2n 2n-2 271-4 

+{ - iy-^^^+ ( - l)«log sec X. 

Similarly 

= — :r- — Icot^-^ajcfec, 

n— 1 J 

whilst Icoticdaj = log since, 

and Icot^ojcfaj = Ucosec^ic — l)cfo3= — cota;— aj; 

and therefore we may thus integrate 

cot^aj, cot*aj, cot^a;, etc. 

Hence any integral power of a tangent or cotangent 
admits of immediate i/ntegration, 

74. Integration ofj ^^^^^^^ . eta 

We may write a+b cos x as 

af cos2|+ sin^lj + b^cos^^ - sin^? j, 
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i-e (a+6)co8'|+ {a-h)mi^, 

Ja+6cosa; a— 6ja 



a— 2 



or 



2 f <^I) .^^ 



Case I. If a > 6 this becomes 

■ X 

2 1 , , ^^2 



a-6 la+h 



a—b y a—b 



-^'--{vl^'-i}- 



2 



1 2 

Since 2tan-i;3 = cos-i.r-^, 

we may write this as 

/ » , „ cos ^ !-5 , 
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or , cos"^ — ^^ . 

Va2-62 a+6cosa5 

Case II. If a < 6, writing the integral in the form 

2 f ^^1 (2) 

— a 2 

in place of the form (1) we have in this case by Art. 54 

^ ^^ b^+^^^2 

Ja+6cosa; 6-a ^ j b+g ^^ jb+a x 

^ V^6+a + /s/6 — atan^ 
= J. ^ log £ 

"" vv6+a — >\/6— atan^ 
By Art. 33 this may be written 

or, since 2 tanh - ^0 = cosh " \ «, 

we may still further exhibit the result as 

— i= cosh-i_^±£_i 

l-|-p-tan2- 
6+a 2 

1 , ift+acoscc 

or — 7===cosn~^ — -r . 

Jb^^a^ ' a+bco^x 
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We therefore have 
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/-^— ,^ tan ^\ — :-,tan^, 
_i6+acosa;^ 



k 



dx 



+bco8x' 



a>b. 



, - cos " , , 

Ja^^b^ a+b cosx' 

tanh"W, - — tan^, 



^.«. 



1 



X 

'2' 



loff 



Jb+a+Jb-atan^ 



Jb+a -Jb-aisLH^ 



a<b. 



1 , ,6+acosfl5 

or -7=== cosh -^——r . 

Jb^^a^ a+Dcosa; 

These forms are all equivalent, but one of the real 
forms is to be chosen when the formula is used. 



76. The inteeral of — —r ; i — may be im- 

^ a+ocosaj+csmaj "^ 

mediately deduced, for 

6cosaj+c sinflj = x/P+c^cos(aj — tan"^r), 

and therefore the proper form of the integral can at 
once be written down in each of the cases a greater or 
less than fJb^-\-c\ 

Ex. (- ^ ^ ^ . — = (——J^^ (where tana= J) 



1 cog-.i5 + 13co8(^-a) 
\/l32 - 52 13+5 cos(j7 - a) 

_ 1 i5 + 13cos(^— a) 

""12 13~+5co8(ar-ay 



ltan-^(|tan^Y 
6 \3 2 / 



B. I. C. 
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f dx 
76. The integral I , . — may be easily deduced 

by putting 

then [-j^. f-#-. 

and therefore its value may be written down iti both 
the cases a < 6. 

Of course it may be investigated also independently 
by first writing a+6 sinaj as 

a( cos^ + si^ 2) + 26 sin ^ cos ^, 

or cos^^f a + 26 tan ^ + a tan^^ j. 

The integral then becomes 

^ .. dtan-x 

2 f 2 

a] 



and two cases arise as before 



X h\^ , a^-^b^' 



f dx 
77. The integral ] ^^f,^^^ may be similarly 

3ated. ' 
f dx _ f dx 

J"+^^^^~-'a(co8h^-sinh'|)+6(cosh'f+8inh'f) 



treated. 



2_f_^tanli|) 



^+tanh^ 
o — a 2 
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which further reduces to 

1 i6+acoshaj 

_ {»QQ ~ 1 • 

y/h'^-^a? ct + h cosh aj ' 

and if 6 < a the integral is 

which further reduces to 

1 \. i6+acosha; 

/ „ ,, cosh - ^—^ i — . 

V a^— 62 a + 6 cosh a; 

78. Similarly the integrals of 
and of 



a+6 sinh x a+6 cosh oj+c sinha? 

may be easily obtained. 



1. Integrate f-J^ 



EXAMPLES. 

\/tan^ 



sinorcos^ 



-ciar. 



2. Integrate (i.) fj^^£^, 

* ^ ^ Ja + 6tan^ 

(ii.) [ ^ 

J {asHxix-^-hco^xf 

3. Integrate (i.) { f^ ^. 

^ ^ '^ Ja+fttan^ 

(ii.) f^^JBlil^rfa 
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4. Prove that, with certain limitations on the values of thje 
constants involved ^_ 

f ^^ = 2 arc cos \/ - — ^, 

^ ,s 

and integrate /V(^-aX^-^>*^- 

o 

5. Integrate ^ 



^ ''J cosa+coso? •' 

rco8aco8£+l^^ 
^ ^ J COS a + COS ^ 

and (viii.) prove i^cos^cosar 2 

6. Integrate W J ;^^3^:;:;^r!- 
.... f dx 

f c?l9 

7. Integrate j 15^,2(9 -16 cos 9' 

r (^ 

8. Integrate J-J^+sin2^* 

r ^^, cos ^+sini9 jij 

9. Integrate Jcos2^1og^^^^3-^5j^^<^. 

^ rcosh^+sinh£^^^. 

10. Integrate j 1+^^^^ 
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11. Integrate js/l+smxcLc. 

12. Integrate f-^^dx. 

•/vl+sin^i? 

13. Integrate [ se^^ dx. 

J 1+cosec^ 

14. Integrate f tan^_<^.. . 

J vo+Ttan^i 

15. Evaluate f,-^/-- 

16. Integrate /•^ec^cosec^^ 

J log tan ^ 

17. Integrate [sin^-cos^^^ 

•' \/sin2^ 

18. Integrate f cot ^-3 cot 3^, g 

^ J3tan3^-tan^ 

19. Integrate f .^ . 

20. Integrate A . ^f^ ^. 

J (^ sin ^+ cos ar)2 

21. Integrate f 8m2^^ 

* j(a+6cos^)2 

22. Integrate fJ l-co a^ 

J Vcos^l+cos^X2+cos0) 

23. Integrate [J l + sino? 2 + sin^ ^^ 

•^ >l-8in^ 2-sin^ 

24. Integrate f ^^ 1^^ . 

J (sin e+cos e)Vsin ^cos ^+8in«^co82^ 

25. Integrate f 7'^^^^ ^ ^^ 
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26. Integrate / sin"^ dx. 

27. Integrate f''(l±^-dx, 

28. Integrate [-?5^^, f-^,"^^c^, f-?iH£(ir, and prove that 

^ J sm2a; Wsin3^ Wsm4a? ^ 



5/?!M &,.«,?; log- 
J am 5^ 6 



[Trin. Coll., 1892.] 



CHAPTER VII. 

REDUCTION FORMULAE. 

Reduction Formulae. 

79. Many functions occur whose integrals are not 
immediately reducible to one or other of the standard 
forms, and whose integrals are not directly obtainable. 
In some cases, however, such integrals may be linearly 
connected by some algebraic formula with the integral 
of another expression, which itself may be either im- 
mediately integrable or at any rate easier to integrate 
than the original function. 

For instance it will be shown that l(a^+a32)^cZaj can 
be expressed in terms of I(a2+a;2)^cfe, and this latter 
itself in terms of l(a2+a?)*<Zaj, which being a standard 

form the integral of Ha^+aj^j^daj may be inferred. 

Such connecting algebraical relations are called 
Reduction Formulae. 

80. The student will realise that several reduction 
methods have already been used. For instance the 
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method of Integration by parts of Chapter IV., and 
the formulae A of Art. 70. It is proposed to consider 
such formulae more fully in the present chapter, and 
to give a ready method for the reproduction of some 
of the more important. 

8L On the integration of x'^-'^X^ where X stands 
for anything of the form a+bx\ 

In several cases the integration can be performed 
directlv. 

I. lip he a positive integer, the binomial in 

expands into a finite series, and each term is integrable. 
Next suppose p fractional = -, r and 8 being integers 
and 8 positive. 

II. Consider the case when — is a positive integer. 

Let X=a+6aj~=iS*, 

.*. hnx^''^dx=8z*''^dz 

and U'^-iZ»cfe=^|a5'»- V. ?^c?0 

J on] x^-^ 

and when — is a positive integer, this expression is 

directly integrable by expanding the binomial and 
integrating each term. 

III. When — is a negative integer, the expression 



--+1 

{2^-a) ~ 
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may be put into partial fractions, and the integration 
may then be proceeded with (Art. 58). 

IV. If — +- is an integer positive or negative, we 

may proceed thus : — 

f r f m+— 1 ** 

. m 
mH 

and by cases IL and III. this is integrable when ^ 

is either a positive or a negative integer by the 
substitution 6 + aaj~"=0*. That is, the expression is 

integrable when — | — is integral, positive, or negative. 

ThreA cases therefore admit of integration im- 
mediately or by simple substitution, 

(1) p a positive integer. 

(2) — an integer, 

(3) — +p an inieger. 



Ex. 1. Integrate /^^a3+a;3)W 

Here m=6, n=3, and — =an integer. 
n 

Let a^'{-a^=z% 

so that 3x^€h=2zdz, 

Then the integral becomes 

-/(.«-a3)..|.<fe=|g-a30=etc. 
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Ex.2. Integrate (x\a^ + x^fdx. 

Here m=f, 7i=3,|?=i, and —-\-p is an integer. 

The integral is ia^\ + a?x-^fdx. 
Let \ + a^x-^=z^, 

then -?!^dx=2zdz, 

or 

and the integral becomes 

which might be put into partial fractions. If, however, z be put 
=sec^, the process of putting the expression into partial frac- 
tions will be avoided and the final integration may be quickly 
effected (Art. 70). 

82. Reduction formulae for \x'^'\a+bx''ydx. 

Let a+bx^ = X ; then p'^'^XPcfec can be connected 
with any of the following six integrals : — 

according to the following rule : — 

Let P = oi^'^^X^^^ where X and /a are the smaller 
indices of x and X respectively in the two expressions 

dP 
whose integrals are to be connected. Find -i—. Re- 
arrange this as a Ungear function of the expressions 
whose integrals are to be connected. Integrate, and 
the connection is complete. 
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Ex. 1. Connect (af^^X^dx with (oT-^X^-^dx. 

Let P^af^XP. 

Then ^=m^-^ Z* + aTpX^'"^^- 
dx ax 

=-maf^-^X»+pnar-\X- a)X''-^ 
[Note the rearrangement ^^as a linear function^ etc., eta"] 

= {m+pn)x^-^X^ - apia;^-*Z*-^ 
Hence P=(m -{-pn) fxT'-^X'^dx - apn f x^'^X^'-^dx, 

or faf^-'X^dx^ ^"^^ +_^!L (x^'^X^-^dx, 

J m+pn m+pnj 

The advantage of this reduction is that the index of 
the usually troublesome factor X^ is lowered ; and by 
successive applications of the same formula we may 
ultimately reduce the integral to one which has been 
previously worked, or which can be easily obtained. 

Ex. 2. Thus, for instance, to find / {x^ + a^)^dx we may con- 
nect this integral with j(x^ + a^ydx, and this again with 
j (x^ -{■ a^ydx, and this last is a standard form. 

As the reduction is used tvdce, we will connect 

Ux^-\-a^fdx with [{a^ + a^f'^dx. 

Let P=^x{a^-\-a;^f, 

^=(^ + a2f + nx^{x''+ a^f'^ 
Ox 

[Note the preparatory step which might be performed merUallyl 

^{n+\){a^+a^f -na\x^^-a^f~^ 
[which is now ^Prearranged as a linear function^ etc., etc"\ 
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Integrating, P={n + \)j{a^-\- a^fdx-na^({x^ + a^f-''dx 
and /(^ + a2)^^=^^+^+i5^r(^2 + ^2)^-^. 
Putting n^h and ?i=3, 

and /■(^ + a2)*d:«=f^±^+^8inh-€. 
Then 

•/ t) D . 4 

Ex. 3. Calculate the value of f^af''j2cuv-x^da;, m being a 
positive integer. We shall endeavour to connect 

jx^^^ax-xHx with far~^^2cuv-a^da;, 
^>. jx^^\2a-x)^dx with f x^^\2a - x)^dx;. 

Let P=a7*""^*(2a-^)* according to the rule, then 

Hence 

(m + 2)/':r'"'-*(2a-^)^(ia; 

= -^**''^(2a-^)*+(2w+l)a/*^'""^(2a-4;)*d;r 



r 
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L w + 2 Jo m+2 ; ' 



i.e. if Im= I (xf^fJ^ax—a^dxy and m be a positive integer, 



J 2m+l X 2m+l 2w-l 2;- 

m + 25 Wl + Z m+1 

2m+l 2m-l 2m-3 «|. . 

w+2 7M + 1 m 

_ 2m+ l 2m- 1 2m-3 5 3 ^^y- 
m + 2 * w + 1 * m '"4 * 3' ^ 

Now to find /o or / sl^ax-a^dx^ put 

*o 

^=a(l-cos^). 

Then cZa? = a sin ^ c?^ 

and \/2aar -472=0 sin ^. 

Also when ^=0, we have ^=0, 

when 47= 2a, we have B=Tr. 

Hence /o= rahm^ede=^ ['(I - cos 2^)c?^ 

00 
r/.«r 



Hence 



^ _ (2m+lX2^-l)>»3 m^.27r_ (2m+l)! Tra^^^- 
"* (m+2Xm+l)...3 2 w!(m+2)! ^ 2"» 



EXAMPLES. 

Apply the rule stated in Art. 82 to obtain the following 
reduction formulae (when X=a+baf*) : — 

1. ic^^X'dx = - £"^+'"+^+f iar-^X'^^dx. 
J an{p+iy an{p+l)J 

2. (af^-'X'dx =^1!^ _ (^:z^ L ^x^dx 

J b{m + np) b{m + np)J 
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J am am J 



f 



4. hf^-^X^(lv== 



5f»-"X''+^ m- 



u 



af^-n-ixp^^dx. 



J m> m J 

6. [a^^ilog xYdx =^!!Xlog^^ _ _p^ /*^(log ^)''-id:r. 
J m+1 wi+lj 

Integrate out ^log^, af^QiOgx)\ af^([ogxf. 

7. Obtain the integrals of \af^tj{2ax-a^)dx for the cases 

m=l, m=2, m=3, and their numerical values when the limits 
of integration are and 2a. 

83. Reduction formulae for v&m^xco^^xdx, 

A similar rule may be given for a reduction formula 



for 



Xmn^xco^^xdx. 



This expression may be connected with any of the 
following six integrals : — 



sin^'^ajcos^ojdaj, 
sin^cccos^-^ajcfcc, 
sin^ ""^05 cos^+^ic dXy 



sinP+2^ cosmic dx, 
sin^a; cos^+^ic dx, 
sin^+^oj cos^'^a; dx, 



by the following rule. 

Put P=sin '*"^aj cos'*"*'^aj where X and /x are the 
smaller indices of sinaj and cosaj respectively in the 
two expressions whose integrals are to be connected. 

Find -7-, and rearrange as a linear function of the 

expressions whose integrals are to be connected. 
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Integrate and the connection is effected. 
Ex. Connect the integrals 



I' 

Let F=8m^^xcoifl-^\ 



sin'^^xco^xdx. 



=( jo ~ l)sin^*^ cos«a;(l - sin*^) - (5^ + l)8in'';r co8«.r 
= (jt? - l)sin*~^a7 cos«^ -{p + 5')8in*^ cos«^ 
[Note the last two lines of rearrangement as a linear function of 
sin^orcos^ar and sin^'-^ar cos«ar], 

. • . P= ip-l)! sin*~*x cosflx dx-(p+q)j sin*^ cos'x dx. 

Hence fsin^^ cosflxdx = - ^^^^^"^^ cos^-^^^ ^^zi fsin^^^cos^cKr. 

It will be remembered, however, that in the case 
where either p or 5 is an odd integer the complete 
integration can be effected immediately [Arts. 64, 67]. 
The present method is useful in the case where p and 
q are both even integers. 

EXAMPLES. 

Connect the integral I sm^x cos^x dx with 

1. / sin****^ cos^^ dx. 

2. / sin*'^ cos«~*^ dx. 

3. / sin''^ coaf'^^x dx, 

4. 1 sin^-*x cos«+^a7 dx. 

5. / sin^ + ^x cos'-^a? dx. 
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6. Prove that fsin^ar^jgr^ -^^^«^^""'^.|.!^ (mn^-^xdx 
Employ this formula to integrate sin*^, sin«^, sin^a;. 

7. Establish a formula of reduction for cos'^xda;, 

8. Integrate sin*^cos2a7, ?H^, 



cosV sin^cos^^ 

81 To calculate the integrals 

/Sn=| BtDJ^xdx and (7n=[ cos^xdx. 





Connect Isin^ajcte with |sin*»-2ajc?aj. 

Let P=mi^-^xcosx according to the rule; then 

—. = (n-~ l)8in^ - %c cos^flj — sin^aj 

= (n — l)sin~ ~ %c — 71 sin^aj, 
f . „ , sin"-^a?cosaj . n — lC . „ , 

Hence since sin^-^iccosa? vanishes when n is an 
integer not less than 2, when x = 0, and also when 

x=^y we have 

71—1 71—3 71 — 5 ^ 
n 71 — 2 71 — 4 ' 

if 71 be even this ultimately comes to 

^ 71-1 71-3 5 3 If? , 
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that IS fifn=- 



r&— 1 71—3 3 1 TT 



n n-2 '" 4 2 2' 

If 71 be odd we similarly get 

cf n-1 nS 4 2f^ . , 
^»=^jr'r^-5-3j«^^^^' 



f 
and since j sina;da5=r— cosa;l^ = l 



we have 8n= 





71-1 nS 4i 2 



n 71-2*" 5 3' 



In a similar way it may be seen that I cos**a!J dx has 



precisely the same value as the above integral in each 
case, n odd, n even. This may be shown too from 
other considerations. 

These formulae are useful to write down quickly 
any integral of the above form. 

Thus 



j sinio^: 


9 7 5 3 

10 8 6 4 


1 
2 


IT 

2' 


j^m^e = 


_8 6 4 2 
9 7 5 3* 







[The student should notice that these are written down most 
easily by beginning with the denominator. We then have the 
ordinary sequence of natural numbers written backwards. 
Thus the first of these examples is 

(10 under 9) x (8 under 7) x (6 under 5), etc., 
stopping at (2 under 1), and writing a factor ^. Bub when the 
first denominator is odd, in forming such a sequence it ter- 
minates with (3 under 2) and no factor ? is written.] 
E. I. c. a 



98 INTEGRAL CALCULUS. 

85. To investigate a formula for I sin^dcos^de^d. 



Let this integral be denoted by /(p, q) ; then since 

fsinP0cos^0d0=-«i5!:^^^ 

J p+q p+q} 

we have, if p and q be positive integers, and p be not 
less than 2 

Case I. lip he even =2m, and q also even =27i, 

- (2m-l)(2m-3)...l .,Q 2 V 
(2m+27iX2w+2M-2)...(2w+2r^ ' ^ 

-^^ ' ^ J 2n 2n-2 2 2 



Thus y^2m,2n)=[^-«-'>-i^">-l)Ii-«-^"<^"-^)l|. 
•^^ ' ^ 2.4.6...(2wi+2w) 2 

Case II. If p be even =2m, and q odd =2n — 1, 

/(2m, 27t-l)=-?^^^ll— y(2m~2, 2w-l)=etc. 
2m +271—1 

- (2m-lX2m-3)...l -y^ gw-l) 
~(2m+2n-l)(2»»+2»-3)...(2«+l/^ ' " 

and /(0,2.-I)=f'cos-...=|^g5|...| 

'0 

ia. f(2m gn n- [I •3.5...(2m-l)][2.4.6...(2>.-2)] 
t.A /(^m,J« 1} l.3.5...(2«»+2n-l) 
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Case III. If p he odd =2m— 1 and q even =2n, 
we obtain similarly 

/(2m- 1, 2,,) = [2-^-g-(2^-2)][l-3.5.,(2r.-l)] ^ 
•^^ ' ^ 1.3.5...(2m+27^-l) 

This may also be deduced at once from Case II. by putting 

for f sin^e coa^O dS = / ^cos^'c/) 8in«<K - 1)<^<^ 

= / sin«</) cos^'c^ d^ 
•o 
so that fiPyq)=f{q,P)' 

Case IV. lipbeodd =2m — l,and 5 odd =27i— 1, 
/(2m-l,2»-l)=^J--2_X2— 3,2«-l) 

^ (2m-2X2„>-4) .(g^_ 2„_i)^^tc. 
(2TO+2ra-2)(2»i+2«-4/^ ' '' 

(2m-2X2m-4)...2 ^ > 

~(2m+2«-2X2m+2ji-4)...(2»+2/^ ' "^ 

and /(I, 2.-l)=/sin ecos-arf^=[-5^^^=^ 



•^^ ' ^ 2.4.6...(2m+2n-2) 

86. Expression in a single rule. 

These four formulae may be expressed under one 
rule as follows : — 

Let T(n+1) be a function defined by the relations 

.T(n+l)=nT(n), r(l)=l, ra) = V7r. 
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These relations will be found to sufficiently define 
T{n+ 1) where ti+ 1 is either an integer or of the form 
2^ + 1 
2 ' 
k being a positive integer. 

For instance, 

r(6) =5r(5)= 5 . 4r(4)=5 . 4 . 3r(3)=5 .4.3. 2r(2) 
=5.4.3.2. ir(l)=5! 

=|.M.f.jr(i)=|.J.f.f.W^. 

This function is called a Gamma function, but we 
do not propose to enter into its properties further 
here. 

The products 1.3.5... 2n-l 
2. 4. 6. ..271 

which occur in the foregoing cases of I sinP^cos^Oc?© 



may be expressed at once in terms of this function. 
TT^. -p/27H-l\ 2w-l 2n"Z 2/1-5 l^(l\ 

so that 1.3.5...(27i-l)=J^r(?^); 

and •p/ 2n+2 \ 27t 271-2 2?i-4 2 

V 2 y 2' 2 * 2 "*2' 
so that 2.4.6... 2/i = 2-r(?^Y 

Hence in Case I. 



, ^TT \ 2 yjx V 2 / 
g=27i. J { 2»+"r(«±i±?) 2 



r = 27i. / -/ 



2p/£+|+2N 
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In Case II. 

- ,r(£±|±?) 

In Case IIL we evidently have the same result. 
In Case IV. 

g = 2n-lj { <^m^.n-lYl P + ^ + ^ \ 

r(^)r(^') 



It will be noticed therefore that in every case we 
have the same result, viz., 



,p(£±l±2) 

that in eve: 



rsinP0cos«0d0= , . v » 

2r(£±2+i) 

and that the ^-^+1 occurring in the denominator is 

the sum of the ^ ^ and the ^-^ in the numerator. 

This is a very convenient formula for evaluating 
quickly integrals of the above form. 

Thus [ 8m«^ Qo^^Ode = -o^p 

2.7.6.5.4.3.2.1 2^=^* 
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87. The student should, however, observe (as it has 
been pointed out previously), that when either p or q 
or both of them are odd integers, the expression 
sin^dcos'd is directly integrable without a reduction 
formula at all. 

For instance, 

and / sin«^cos3^o?^=^-J=^. 
•o 
Similarly, 

f sin^^ cos2^ dO^- Tcos^^l - 2 cos^e+cos*e)d cos 6 

But when p and q are both even and the indefinite 
integral required, or if the limits of integration be 

other than and ^, we must either use the reduction 

formula of Art. 83 or proceed as in Art. 67. 

TETAMPT.IgR 

Write down the values of 

1. / sin*xc^, / sin*^ci^, / ain^xda:, I coB^xdx. 
{ '^0 \ { 

2. / sin^j? cos*j? flZa?, / sin^j? cos^.r c^, / sin^^ cos^o? c^, 



/ sin^^ cos*.r G^. 
•o 

3. If Or represent the product 1 . 3 . 5 ... to r factors, 
and Er represent the product 2 . 4 . 6 . . . to r factors, 
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prove the formulae 

r 

(1) rsm^oco&'^ede =^"^.?. 

(2) r^m^Bco^-^edd =%^"-i=r8in^^^co8*»^c?a 

(3) r8m^^0cos^-^0de=^^^^-\ 

^ i^m+n-l 

4. Write down the indefinite integrals of 

Tsin^^ cos e dSy Um^O co^O dO, UmW cos^S dS, 

UwJO coqW d0, fam^e cos*^ dO. 
Evaluate 

rl rf rf 

5. / sin^^cos^^c?^, / sm^OdSy / sin^^ cos*^ rf^, 



/ BvaJBde. 

rl rf rf 

6. / C0822^rf^, / cos33<^c?<^, / cos*3<^sin26<^(;<^. 
•o -b •{ 

I COS ) ^ ^ from the 
result ^ ^, ^ ^ t of Art. 86. 

2r(£+2+i) 

EXAMPLES. 

1. Prove that 

(a) jcos^<l>d<l> =J-tan<^cos2"<^ +(l--l) (cos'^^^c^i^ 
(6) J8ec2«+i<^(;<^= 1 tan<^sec-~-V + (l ''^)J8ec'^^<f>d<lx 
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2, Investigate a formula of reduction applicable to 

when m and n are positive integers, and complete the in- 
tegration if ?n=5, «=7. [St. John's Coll., Gahb., 1881.] 

3. Investigate a formula of reduction for 



i(l-j 



and by means of this integral show that 

1.1 1 1.3 1 . 1.3.5 1 ^ , . . 



2n+2 2 2w+4 2.4 2n+6 2.4.6 2n+S 

^ 2.4.6...2n 

~3.5.7... 2w+l' 
Sum also the series 

11 1,1.3 1 . 1.3.5 1 ^ , . . 
2w+1^2 2n + 3^2.4 2/1+5^2.4.6 2n+7 -^ 

[Math. Tripos, 1879.] 

4. Prove that 

/ 8n-H y, 2n+l «)/» i 1 /* Sn-l 

5. If ^„)=a-/--^ prove .«„)=gr|^„ - 1). 

^ 

6. Find reduction formulae for 

and obtain the value of /^iP^ - l)"*^^. __ ^ , 

J ^ ' [COLLBGBS, CaMB.] 

7. Find a reduction formula for /e"co8"a?(ia?, where /i is a 
positive integer, and evaluate 

J [Oxford, 1889.] 



/« 
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8. Find formulae of reduction for 
iaf^^mxdx and | e**8in"a? c£r. 

Deduce from the latter a formula of reduction for 

co8<sr«n-^«ir. [collbg,« ^. 1890.] 

9. K Wh=/ sin*"4?d!ar, 



prove that u^ = {l-Qu^,--^-, 

and deduce .„=--^|U(|!L4)+(^;-1X2>>-3K ...} 
2"+Hn 7i(w-l) w(7i-l)(w-2) J 

(2yi- 1X2^-3). ..3 5 
2n(27i-2)...4 '8' 

[Math. Tripos, 1878.] 

10. Show that 

(m+7iXm+?i-2)r8in~^cos-^(^^=(m-l)8in"»+^^cos"'^^ 

- (w - 1) sin*^*^ co8*'+*^+ (m - IX?* - 1) f sin— «^ cos— '^ dS. 

[Tbin. Coll., Camb., 1889.] 

11. Prove that 

r^m^i./r^^^^- l-3.5...(2m--l) IT 2.4.6... 2m 1^ 
jf^ \l+r» 2. 4. 6. ..2m 4 3.5.7...(2m+l) 2 

2.4.6...27^ ri + ^r + ^-V+ l-3...(2^-l) ^"| 
3.5.7...(2w+l)L 2 2.4 2.4...2w J 

.i-f|v-i)-f^(-i)H...+^^(.-ir, 

where ai, os, ... are the binomial coefficients. [St. John's, 1886.] 
13. Show that 





12. Find a formula of reduction for / 4 "^— . Show that 



•/■ 



2~ I cosmxcos^xcb; 






2?;t^ 



1.2 4 2m ' 

where m is an integer. [Colleges a, 1885.] 
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14. Show that 

J (4m-lX4w-3)...(2m+l) 

m being a positive integer. [Oxford, 1889.] 

15. Prove that if 

/m, n = I cos**^ sin Tix dx^ 

{m+n)Im, n= -cos"»^cos?ia?+m/„»-i, n-i, 

r "1^ 1 / 2* ^' 2"*\ 

and L^-'."J.=2ii^il2+2+I + - + ^j- [Bbbtband.] 

16. If /«, „ = I cos"*^ cos 72X c£r, 

prOVe that 1^, n= — § ^-l ) + — ^ T^m-i, n, 

and show that 

17. If Ufnyn=\ cos*^a: sin nx dx, 

•o 

prove that w„» „= — ^+_^w„_i ^.j. 

Hence find the value (when m is a positive integer) of 

} C08-^8m2ma;c^. [y,im.-\ 



T 

cos"a; cos nxdx=^ -^. 

2"+^ [Bbbtrand.] 

19. If w+ 71 be even, prove that 

r cos^O cos nOde=^-^ 2i! . 

J 2*"+^ m+n. m-n, 

= ! 1 

2*2 

[Colleges, 1882.] 
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20. Evaluate the integral 



A 



"7 



[OOLLEOES, 1886.] 



/ C08'*~-J7S1 



21. If / co8*"^cosna?cKr be denoted by/(7n, n), show that 



171 — n in+n 

[OxpoBD, 1890.] 

22. Prove that if w be a positive integer greater than unity, 

sinrw7c^= . 

n-l [Oxford, 1889.] 

23. Find a reduction formula for the integral / ^? '"^ dx, 

J am a: 

-dxy where m is not less than n, and m, n 

"^ 
are either both odd or both even integers, show that 

(n- l)(n-2)um, n+rri^Um^ „_2 - w(wi - l)w«_2, «^a=0. 

25. If • w„= f. ^^ . 

J (a +6 cos 07)** 

show that w„=, -^-^"^-xn 1+^^-1 + ^w«-2, 

(a + 6 cos 4:)"-* 

where A- - ^ ^ ^__(2n-3)a /7__^-2_j_ 

Show that f—^—.^J.Z^f±^JL, 

e being less than unity. [St. John's Coll., 1885.] 

5 dx can be integrated in finite 

a+ocos^ 

terms when m is an integer. 

27. If Un— /t — ^^?' '^ . dx, prove that Un can be calculated 
./(a + 6 cos a;)** 

from a formula of reduction of the form 

AUn-{-B Un-i + OUn-2 = 8in*»+^a<a+ 6 cos a;)-*»+\ 

and determine the constants A, B, C. [fi, 1891.] 
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28. Find a reduction formula for the integral 



k 



' (log o?)'** [OXPOED, 1889. J 

29. Find a redaction formula for 

((W^+26ar+c)i Ij8.1891.] 

30. Prove that if X=^+flw:+a2 

J 2(n+l) ^^n+l)J * 

[St. John's, 1889.] 

31. Find reduction formulae for 



(a)/l 



tajih^xdx. 
dx 



<y> j^ 



(a+ 6 cos ^+ c sin xY 
dx. 



32. Establish the following formula for double integration by 
parts, u and t; being fuDctions of a?, and dashes denoting differ- 
entiation and suffixes integrations with respect to x : — 

uv{dxY = UV2 - '2,u\ + Zu'\ - A:u"'v^ + . . . 

+ ( - l)'»-iwM^''-%„+i+( - Ifn fu^'^hn+idx+i- !)♦» fdx fu^^'hndx. 

[a, 1888.] 



//' 



CHAPTER VIII. 
MISCELLANEOUS METHODS AND EXAMPLES. 

Integrals of Form \ y .y . 



h 



88. The integration of expressions of the form 
dx 

can be readily eflfected in all cases for which 

I. X and Y are hoth linear functions of x. 
II. X linear, Y quadratic. 
ILL X quadratic, Y linea7\ 

If X and Y be both quadratic the integration can 
be performed, but the process is more troublesome. 

89. Case L X and F both linear. 

The best substitution is : — 
Put s/Y=y. 

dx 

b)\/cx+e 



Let /= f; 

J(ax+ 
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Putting s/cx+e = y, 

, cdx ^ 

we nave — , = ay, 

and 003+6 = -(2/^— e)+6, 



and / becomes 2 1 — 5 — ^ . , , which, beinff one of 
the standard forms 1 2 + \2 > ^® immediately integrable. 

Ex. Integrate 1= [ ^, 

Let \/^+2=y, 

then _^_=2cfy. 

V^+2 

90. The same substitution, viz., ^Y—y will suffice 

for the integration of 1 v- jy "^^^^ 4>{^) is any 

rational integral algebraic function of x, and X and 
Y are each linear, 

Ex. Integrate /= / j=.dx. 

Writing V;r + 2 =y, we have 

-j==^='idy and ;r=y>-2, 
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80 that -fL _y«-8y+2 V-32y'+16 

(by common division). 
Thus 



91. Case II. X linear, F quadratic. 

The proper substitution is i- — 

Put X=\ 



y 



Let / 



](ax+l 



dx 



\{ax+b}s/cx^+ex+f' 

Putting ax+b = -, 

we have, by logarithmic diflferentiation, 
adax _ dy 
cujc+b~ y 

and c^+ex+f=^ll-b)\'-{l-b)+f 

Hence the integral has been reduced to the known 

form ^=-a] jAy-+2By+(f 

which has been already discussed. 
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Ex. Integrate /= f ,^^ 



-y' 



-4^+2 

Let x+\^y-\ then J^=^% and 
•^ ' 4?+l y' 

JV2-(y-l)2 V2 H^+l>/2i 

92. It will now appear that any expression of the 

J (oaj + o)^ax?+ex+f 
can be integrated, 0(cc) being any rational integral 
algebraic function of x. For by common division 

we can express -^V^ ^^ the form 

^ OOJ + O 

.4a;«+J5aj~-i+ ... +Kx+L+ 



ax+V 

Ax^+Bx^''^+ ... +L being the quotient and M the 
remainder. We thus have reduced the process to the 
integration of a number of terms of the class 

f Ex^ ^^ 

]s/cx^+ex+f ' 
and one of the class 

f M 



zAx, 



The latter has been discussed in the last article, and 
integrals of the former class may be obtained by the 
reduction formula 
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where F(r) stands for \—j===^dx. 
Jy/cx^+ex+f 

The proof of this is left as an exercise. 
Ex. Integrate 7= f ^+^±Lc^r. 
By division ^+^+^=^ + 2 + JL, 

Now /'_^^dar=A/^+r, 

. we put ^+ 1 =- and get 

__ r dy ^^ _\_ r dy 

V2J>v/(y-i)2+i a/2 

Thus /=\/?+l + 2 sinh-^^ - A sinh-^li:^. 

V2 1+^ 

93. Case HI. X quadratic, F linear. 

The proper substitution is : — 
Put jY^y, 

Putting slex-\-f'=y, 

e dx 7^, 

and acc^+bx+c reduces to the form 
Ay^+By^+G, 

B. I. C. H 
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and i becomes -I . . . ^ 9 , rr 

Now J 4 , p 2in ^^^ ^^ thrown into partial fractions 
as 

ay^+l3y+y^aY+l3^y + y' 
and each fraction is integrable by foregoing rules. 

94 It is also evident that the same substitution 
may be made for the integration of expressions of the 
form 

f ^(^) ^r, 

j(ax^+bx+c)\/ex+f 

where <f>(x) is rational, integral and algebraic; for 
when >v^ea3+/is put equal to y, — o^V. , reduces to 

CLX "T OX "r c 

the form ^"+^^1^^''+-^+^ ^hich by division, 

and the rules for partial fractions, may be expressed 
as 

,p , Xy+M , Vy+M 

and each term is at once integrable. 



Ex. Integrate /= / — 



^+2 _^. 



(a:^+Sx+zyJa;+l 



Putting »Jx-\-\—y^ we have ^ =2%, and 
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EXAMPLES. 

Integrate the following expressions : — 

2. 
3. 



W^+i' {x-iyJx+^ {x-\ylx+i (^+2>/^-i 

11 X x^ + x+\ 



1 1 X 

{a^+\)'Jx {a^+^-b^yJx^' (ar2+2a7+2V^+l' 
^+1 
(^+2^4-2y^+l* 

95. Case IV. X and Y both quadratic. 

We do not propose to discuss in general terms the 
method of integration of expressions of the form 

where X and Y are both quadratic and (00?) rational, 
integral and algebraic, as it is beyond the scope of 
the present volume. We may say, however, that the 

proper substitution for such cases is ^y^Vy ^^^ ^^^ 

student will glean the method to be adopted from the 
following examples.* 



Ex. 1. Integrate /= [ ^, 

J {x^+a^yJa^+h' 



1 dy _ X ^ _ (g^ - y^yc 

dy^ {a^-}p)x 
^ (x'Ara^fix^^W'f 

* The student may refer to Greenhill's "Chapter on the Integral 
Calculus " for a general discussion of the method. 
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Thus /becomes {^44^}/-^- 

Also (^+aV=^+62, 

80 that ^=^V', 

62 -a2 



and a^+a^=i. 



r2-l 



Thus /reduces further to ^-L-f .!^^^=^=dy, 



ay 

/=-7i=cos-^2 



^ / cos-^^Jgp; (a<6). 
If a > 6, we may arrange / as 

t.e. /=— -J coah-'^ 

^^cosh-^A/pI' («>6). 

Ex. 2. Integrate /= f {^+\)dx 

we Obtain 1 f^= -l^ni 2^zi_ 



(3a;2 - 2^+ 1)(2^ - 207+ 1)' 

The maximum and minimum values y^ and y^ of ,y* are given 
by 07=1 and o:=0, and are respectively 2 and 1, so that for real 
values of x^ y'^ must be not greater than 2 and not less than 1. 
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Now ^,«-y3^2-y=^^fl^^, 

and y«-y,«^y_l=_^_ 

Thus / becomes 

__ /' (3a?g-2^+lX2^-2^+l) j 2^-2^4-l £±L_____rf 

or - [-£±^y2^32j+Ici^. 

Now -^±I-A/2^ir2iTl 

2 1 

Thus /= f f-pi=. - , ^ Vr 
'l\^/f^l V2-W 

= cosh~^y + 2 cos"-^-^ 

n/2 

= cosh-^.^g^±I + 2 cos-^J-a/ ^-^H 



EXAMPLES. 

Integrate 

1 



4. 



^ 5. 1 



(a;2 - l)x/3+'i (a^+2a^+ h^)>/^^+2as+?' 



1 6. 1 



(^+l)V(^+l)(a;-lT * (^-l)t(^+l)V 



7^ 3^7+4 



(5a;^+8jcy/4^-2a:+l 
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96. Fractions Of form «±J^^^±^^. 

This fraction can be thrown into the form 

{a^ + ^isin X + c^cos x) {a^ + 6iSin x + CjCos x) * 
where Ay B, C are constants so chosen that 

and each term is then integrable. 

97. Similarly the expression 

a+6sina;+ccosa5 



(oi + ft^sin X + c^coa xY 
may be arranged as 

A Bib^cosx — c^ainx) 

{a^ + 63Lsin x + c^coa x)'^ (a^ + b^ain x + c^coa x)^ 



(a^^ + 6isin x + c^coa x)^ ~ ^' 

and the first and third fractions may be reduced by a 
reduction formula [Ex. 25, Ch. VII.], while the second 
is immediately integrable. 

98. Similar remarks apply to fractions of the form 
a+6sinha5+ccosha; a+6sinha;+ccosha; 

^1 + ^isiiih ^ + Cjcosh x' {a^ + t^sinh x + c^cosh x)^' 

99. Some Special Forms. 

It is easy to show that 
sin a; 



sin(aj — a)sin(aj — 6)sin(a; — c) 



^sry sma .. 

= ZJ~^~7 /\ • / ^COt( 03 — a), 

-'^smCa — 6)sm(a — c) ^ ' 
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8iii(ir — a)sin(aj — 6)sin(aj — c) 

sin^g 1 

sin(a— 6)sin(a — c) sin(a3 — aV 

, f Bmxdx 

wnence l-r-7 \-'—, 1\ - , \ 

J sm(a5 — a)sm(a5 — o)sm((;c — c) 

Ssin a 1 • / \ 

-:—, , . . . r log sinfaj — a), 
sin(a — 6)sin(a— c) ^ ^ ^ 

J sin(a; — a)sin(a; — 6)sin(aj — c) 

-; ; , . . . r lOg tan —5—. 

sin (a — 6)sin(a — c) ^ 2 

100. More generally Hermite has shown* how to 
integrate any expression of the form 

/(sin 0, cos Q) 

sin(0 — ai)sin(0 — ag) . . . sin(0 — On)* 

where /(oj, y) is any homogeneous function of a?, y of 
'n.-l dimensions. 

For by the ordinary rules of partial fractions 

f{i. 1) ^ M, 1) 



which may be written 

^g /(^r, 1) ]_ 

(the factor a^— o^ being omitted in the denominator 
of the above coefficient). 

* Proc, Lomd. M(Uh, Soc., 1872. 
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Putting ^ = tand, ai=tanai, a2=tana2> etc., this 
theorem becomes 

yi;sin g, cos 0) 



sin(d — ai)sin(d — 02) . . . sin(0 — a») 
_^ /(sin Oy, cos Of) 



;f3[sin(ar— a^) ...sin(ar— On) sin(d— Or)* 
Thus ' 

r /(sing, cos g) ^Q 

Jsin(g — Oj) ... sin(d — On) 

= S - . /<»^^°-T"-> .log tan ^=^ 



^sin(ar— a^) ... sin(ar— On) 2 

EXAWTPLES. 



Integrate 

- sinar . co&W-cosna 

1. 7 -. r-. 4. . 

• / tf\ ' I . ^\ cos ar — cos a 

a COS 2^? — COS 2a - sin 2^7— sin 2a 

2. 5. 



3. 



cosar-cosa sin^ — sina 

cos 3a; - cos 3a ^ cos^ar 



cos 0? - cos a sin x{^\ii^x - sin^a)* 

General Propositions. 

101. There are certain general propositions on 
integration which are almost self evident from the 
definition of integration or from the geometrical 
meaning. Thus 



102. L 



I <f>(x)dx= I <p(z)dz, 



for each is equal to \[r(b) — \l/'(a) if ^(ic) be the differ- 
ential coefficient of \lr(x). The result being ultimately 

* See Hobson's Trigonometry, page 111. 
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independent of x it is plainly immaterial whether x or 
z is used in the process of obtaining the indefinite 
integral. 

103. 11. \€l^x)dx=\(l>{x)dx+\ 

a a e 

For if \lr(x) be the indefinite integral of <p(x) 

the left side is 'y[r{b)—\fr{a), 
and the right side is >M<^)""'VK^)+VK^)"'^^)> 
which is the same thing. 

Let us illustrate this fact geometrically. 




Fig. 8. 



Let the curve drawn be y = <f>(x)y and let the or- 
dinates N^P^, NJP^, ^z^z ^ x = ayX = c,x = b respect- 
ively. Then the above equation expresses the obvious 
fact that 
Area N^N^^P^ = Sirea. N^N^^^+SiTQa. N^^^^. 

104. IIL [<t>(x)dx=-^f{>{x)dx. 

a 6 

For with the same notation as before 

the left hand side is '^(6) — "^(a), 
and the right hand side is — [*^(a) — *^(6)]. 
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105. rV. \<t>{x)dx=^\ft>{a-x)dx 



For if we put x^a—y, 

we have ■ dx= —dy; 
and if x=ay y = 0, 

if aj=0, y = a. 



Hence 



r<f>{x)da^= -\(l>{a-y)dy 

a 

=^<f>(a-y)dy (by m.) 



= I <f>{a—x)dx (by I). 



Geometrically this expresses the obvious fact that, 
in estimating the area OO'QP between the y and x 




Fig. 9. 



axes, an ordinate (XQ, and a curve PQ, we may if we 
like take our origin at (/, (XQ as our F-axis, and (JX 
as our positive direction of the X-axis. 
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i»2a pa /HI 

106. V. ^(a;)cte= <l>{x)dx+\ (p{2a'-x)dx. 



For by II 

/•2a pa p2a 

1 <f>(x)dx=\ (p(x)dx+\ <f>{x)dx, 

a 

and if we put 2a— a; =y, 
we have dx=^dy, 

and when a; = a, y = €t>, 

when a;=2a, 3/ = 0. 

p2a pO 

Thus ^(x)(][x= - <p{2a-y)dy 

a a 

=p(2a-y)dy 



= I </)(2a'-x)dx. 


p2a ^ fla 

Hence I (l>(x)dx=\ ^{x)dx+\ <p{2a—x)dx. 



We leave the obvious geometrical interpretation to 
the student. 

107. VI. Plainly if ^(a?) be such that 

(f>(2a~'x) = <f>{x) 
this proposition becomes 

^{x)dx=2\ <t>{x)dx, 



and if <f>{x) be such that ^(2a— a;)= — 0(aj), 

p2a 

(t>{x)dx^O. 
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Thus since 8m'*ar=8in*^ir-4?), 

and since co8*'+^ar = - co8*»+^7r - ar), 

and cos^^ = cos^(7r - x), 

and / cos*»a?cfo?=2r co^xdx. 

-0 { 

We may put such a proposition into words, thus : — 
To add up all terms of the form sin**^c2r at equal intervals 

between and tt is to add up all such terms from to - and 

2 
to double. For the second quadrant sines are merely repetitions 
of the first quadrant sines in the reverse order. Or geometri- 
cally, the curve y=sin'^i? being symmetrical about the ordinate 

ar=^, the whole area between and ir is double that between 

and I. 
2 

Similar geometrical illustrations will apply to other cases. 
108. VIL If 0(a;) = ^(a+aj) 

rpa 
<l>{x)dx = n\ ^(x)dx. 



For, drawing the curve y = ^(aj), it is clear that it 
consists of an infinite series of repetitions of the part 
lying between the ordinates OTq (x = 0) and N^P^ 
{x^a) and the areas boimded by the successive 
portions of the curve, the corresponding ordinates and 
the iZJ-axis are all equal. 



(l>(x)dx= I <l>{x)dx=\ (p{x)dx = etc, 

a 2a 

ra Ml 

(j>(x)dx = n\ (j>(x)dx. 
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Thus, for instance, 

/^8in2»a7c^a7=2rsin2«^(iir=4/*W~^c^a7==4?^ . 2-!?:Z?..i . ![. 
J J J 2n 2n-2 2 2 



N, 



Rg. 10. 



Some Elementaby Definite Integrals. 

109. We have seen that whenever the indefinite 
integration l^(a;)c?a; can be performed, the value of 

the definite integral I tp(x)dx can at once be inferred. 

a 

In many cases, however, the value of the definite 
integral can be inferred without performing the in- 
definite integration, and even when it cannot be 
performed. 

We propose to give a few elementary illustrations. 

Ex. 1. Evaluate /= P(2cM7-^)^vers-^^. 



Writing 
we have 



and 



a?=2a— y, 
2cM7 —a^= 2ay — y^, 



-if=^-. 



n--^ 



vers"' - = IT — vers" 
a a 
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Hence • /= - T {2ay - y^ ( tt - vers"^ ^)dy 

2a 

^irT^^ay-y^^dy-'L 

Hence /= | J*'(2ay - y^)%. 

Putting y = a( 1 — cos d\ dy=-a sin dOy 
and we obtain /= | a-+^ Tsin^+i^ c?^ = ira"*^ f sin-+i^ dO 



„+l W 71-2^-4 J^„^ i.^ 2 ^^ 1 TT 

=7ra**+* ... down to - or - — , 

n + ln-ln-S 3 2 2* 

according as ti is even or odd. 

w 

Ex. 2. Evaluate 1=1 logsinarciir. 

Let ^=|-y» 

then dx=—dy; 

and ' -^~ ~ / ^og cos ydy= I log cos a dx, 

f 



Hence 2/= / log sin 4? dcr + / log cos a? c^ 



= I log sin a? COS a? cfo? 

= / (log sin 2a? - log 2)da: 



= / log sin arc^-- log 2. 





Put 2a:=Zy 



then dx—^dz'y 

IT » 

then / logsin2^c^=^/ logsin2cfo=/ log8in^c^=/. 
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Thus 2/=/-^ log 2, 

2 

Thus / log^inxdx— \ logcos^(i[a?=^log-. 



Ex. 3. Evaluate /= TMLl^W 
Expanding the logarithm, we have 



If we put ar=l-y, 

we have /= - f l^rfy = /' ^(&. 

Hence we also have / — ^c?^= — — . 
i 1-^ 6 

Ex. 4. Evaluate /= /""log^x+i)-^ 



Put ^=tan^, 

/. dx=::secWde; 

w 

,'. /= riog(tan ^+cot e)de 





2 



.c£^ 



=f^^^iS25- 

IT 

(log sin + log cos 0)dO 

u 
= -2/ logsin^c?^=7rlog2. 
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110. Differentiation under an Integral Sign. 

Suppose the function to be integrated to be ^(cc, c) 
contaming a quantity c which is independent of x. 

Suppose also that the limits a and o of the integra- 
tion axe finite quantities, and independent of c. 

Then will 

-J ^(a;, c)cfaj= J [^^(a;, c)Jdaj. 

a a 

For let u= I <f>(Xy c)dx. 

a 

Then u+Su= ^ (p(XyC+Sc)dx, 

a 

and ^u^ f^ 0(a;, c+Sc)'-<l>(x, c)^ ^ 

Sc ] Sc 

a 

which, by Taylor's theorem, 

a a 

And if z, say, be the greatest value of which ^^+ . . . 
be capable, ^ 

a 

and vanishes in the limit when Sc is indefinitely 
diminished. Thus in the limit 

dc ] dc 



MISCELLANEOUS METHODS AND EXAMPLES. 129 

111. The case in which the limits a and h also 
contain c is somewhat beyond the scope of the present 
volume. 

112. This proposition may be used to deduce many 
new integrations when one has been performed. 

Thus since 

J {x+cyjx-a f^c+a ^ c+a 

we have, by differentiating n times with regard to c, 

Also, differentiating n times with regard to a, we obtain 
r 1 ^^-. 2-+1 3»/ 1 x,^-i^/.^^\ 

■^ (a?+cX^-a) * 

Similarly, differentiating this latter p times with regard to 
c, we obtain 
dx 

2n+l 

EXAMPLES. 

1. Obtain the following intejgrals : — 

(L) j'(l+^)-'^-^<&. (y.) j^ll±f±^dx. 

(a) /■(l+;.)-Hl+2x)-*cir. (vL) f ^+^-^ dx. 

(iii) /'4r-X2-3^+^)"^cia:. (vii.) { f^ . 

(iv.) f f (viii.) flzf . l_^ e^r. 

J(l+a:>/l+a:+^2 Ji+^ Va?+^H^ 



B.I. C. 
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2. Integrate (i.) 7==^=-^^-^. 

^ (a2 + 62 - aP)^J{a^ - a^)(a^ - b^) 

[St. John's, 1888.] 
,... x+h 

3. Find the values of 

(1.) I ■ 

^ (cos J7 + cos a)v (cos ^ + cos l3X(ioa ^ + cos y ) 

>-.. V f dx 

J C09{a;+ay/coa(a;+l3)co6(x+y) [7,1890.] 

4. Prove that, with certain limitations on the values of thd 
constants involved, 

f dx ^ I ^^ ^i^ {ap+h)x+hp + c 

J\x-p){a:!^+'2hx+c)^ (- op^ - 26p - c)^ {x-p%h^-ac)^ 

[Trinitt, 1886.] 

5. Prove that Uao^xYdx may be expressed by the series 

,r sin^^ , ,T sin^^ ,7- sin^^ , . 
^\nx - N-i^-~--\- N^—^— - N^—^ +... etc., 
3 5 7 



n-l 



N^y N^y iV^3, ... being the coefficients of the expansion (l+a) * , 
and n having any real value positive or negative. 

[Smith's Prize, 1876.] 

6. Evaluate the following definite integrals : — 
^^'^ j i+2^+2^+2a73+ar*' 



''^'-^4x, 



^""•^ I (a2+^)2^" [St. John's, 1888.] 

^"^*^ ]^ (l+^)(2+^X3+ar) [Oxford, 1888.] 

7. Prove that f ^ ,=-^. 

8. Show that /nV-3)U=iW-. ^^^^^^ ^333^ 



MISCELLANEOUS METHODS AND EXAMPLES. 131 

9. Evaluate (i.) C ^ . 

^ J 2 + cos^ 



(ii.) r <^ 

^^ J 4+bBinx [I. 0. S., 1889.] 



^"'•-^ J l-2acos^+a2- [I. C. S., 1888.] 



10. Prove that / co^^xdx is equal to zero or 7r(7i!)/2**(j7i!)2 

according as ti is odd or 6ven. 

If S denote the sum of the infinite series 

prove that [ 5<ir=^-|. [Oxford. 1890.] 

*0 

11. Prove that if c be < 1, 

(i.) pQm-\ccoax)(Lv =^^+^^+t^+^^+,„ , 




•^. . .. /.2 ^4 ^6 



(ii.) i/ [sin-\ccos^)Pci^=g+g+J,+^,+ 



12. Prove that C L-^\^de=-Tr\og2. 



13. Find a reduction formula for / e~*sin'*arc^. 

[St. John's, 1888.] 

14. Evaluate (i.) / sin^logsin^rf!fl7. P 1883 1 



(ii.) / tanxlogsin^^. ^g^ y^^^,^ ^^^ 



(iii.) j 8in2*logtan:p<ir. [st. John's. 1886. 
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dx 



15. Evaluate 



(^•> r^ 



sin 2^ 



16. Prove 





(Of 



^ tan a: cKa? tt^ 



secar+cos^ 4 



[I. C. S., 1887.] 
[I. C. S., 1891.] 

[POISSON.] 

[Oxford, 1890.] 



("\ r ^^ — ^ 

a being supposed greater than unity. 

18. Prove that 

j l+aXl-^') 3 ^3.5 3.5.7 

19. Prove that 
2 r^ dS 



[OXFORD, 1889.] 



•i, (1-C2C0S2^)^ 

e being supposed < 1. 
20. Prove that 



=i+i:^+i^3>4.i^^^4...., 



^22 ■*" 22742 "^^742: 



21. Prove that 



[Math. Tripos, 1878.] 



22. n <f>(a;)= -<K2a-^), p<K^)cZa7= - [ </>(^)c2a?. 

[Trin. Hall, etc., 1886.] 

23. Prove that r^^)^= C^^.dx, provided <«^) 



remains finite when a? vanishes. 



[St. John's, 1883.] 
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/2a ra 

^{x)dx = / { <K^) + <^(2« - -^) } c^> and illus- 



trate the theorem geometrically. 

25. If f(x)-=f{a+x\ show that 

rA^y^Hn-l)rf{x)dx, 

and illustrate geometrically. 

26. Show that fV^>ir=^Z^/"Vf^-^+^^^W. 

; q-pJ^ \ q-p q-p J 

27. Determine by integration the limiting value of the sums 
of the following series when n is indefinitely great : — 

^^'^ Mn^"^w+2"^^+3"^"*"*'w+n* [a, 1884.] 

^^ n2+l2^n2 + 22^n2+32^'"^w2+ri2* [Oxfoed, 1888.] 

(iii.) - — 1— 4.-^^^+- ^— +..,+ J . 

V271-12 x/471-22 V671-32 ,J<^n^-'n?' 

[Clabb, etc., 1882.] 

integer. [St. John's, 1886.] 

28. Show that the limit when n is increased indefinitely of 

(7t-m)V (22yt~m)^ (3^-m)^ ^ ^ {n^-m^ j^ 3 
w 271 371. **' r^ 2* 

[Colleges, 1892.] 

29. Show that the limit when n is infinite of 

{^a).,(. + ^).<^(a-.J)...<^(« + ^)}- 

1 /•»+» ^ 
is eH '°*^'^- 

Apply this result to find the limit of 

{(-i)('-3(--S)-('-S)}- 

[Clabe, etc., 1886.] 
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30. Find the limiting value of (w!)**/w when n is infinite. 

31. Find the limiting value when n is infinite of the nth part 
of the sum of the n quantities 

n+\ n+2 n+3 n+n 

n ' n~' IT' '" ' IT ' 

and show that it is to the limiting value of the nth. root of the 
product of the same quantities as 3e : 8, where e is the base of 
the Napierian logarithms. [Oxford, 1886.] 

32. If na is always equal to unity and n is indefinitely great, 
show that the limiting value of the product 

{l+a*}{l+(2a)*}*{H-(3a)*}^{l+(4a)*}^...{l + (wa)*}« is e«. 

[OXFOBD, 1888.] 



CHAPTER IX. 
RECTIFICATION, Etc. 

113. In the course of the next four chapters we 
propose to illustrate the foregoing method of obtain- 
ing the limit of a simimation by application of the 
process of integration to the problems of finding the 
lengths of curved lines, the areas bounded by such 
lines, finding surfaces and volumes of sofids of 
revolution, etc. 

114. Rules for the Tracing of a Curve. 

As we shall in many cases have to form some rough 
idea of the shape of the curve under discussion, in 
order to properly assign the limits of integration, 
we may refer the student to the author's larger 
Treatise on the Differential Calculus, Chapter XII., 
for a full discussion of the rules of procedure. 

The following rules, however, are transcribed for 
convenience of reference, an,d will in most cases 
suffice for present requirements: — 

115. I For Cartesian Equations. 

1. A glance will suffice to detect symmetry in a 
curve. 
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(a) If no odd powers of y occur, the curve is sync- 
metrical with respect to the axis of x, Sind- 
larly for symmetry about the y-axis. 

Thus y2 = 4aa; is symmetrical about the cc-axis. 

(6) If all the powers of both x and y which occur 
be even, the curve is symmetrical about l)oth 
axes, 6.gr., the ellipse 

(c) Again, if on changing the signs of x and y, the 
equation of the curve remains unchanged, there 
is symmetry in opposite quadrants, egr., the 
hyperbola xy = a^, or the cubic a?+y^=^ax. 
If the curve be not symmetrical with r^ard to 
either axis, consider whether any obvious transforma- 
tion of coordinates could make it so. 

2. Notice whether the curve passes through the 
origin ; also the points where it crosses the coordinate 
axes, or, in fact any points whose coordinates present 
themselves as obviously satisfying the equation to the 
curve. 

3. Find the asymptotes ; first, those parallel to the 
axes ; next, the oblique ones. 

4. If the curve pass through the origin equate to 
zero the terms of lowest degree. These terms will 
give the tangent or tangents at the origin. 

5. Find -^; and where it vanishes or becomes in- 
finite; i.e.y find where the tangent is parallel or per- 
pendicular to the aj-axis. 

6. If we can solve the equation for one of the 
variables, say y, in terms of the other, x, it will be 
frequently found that radicals occur in the solution, 
and that the range of admissible values of x which 
give real values for y is thereby limited. The existence 
of loops upon a curve is frequently detected thus. 
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7. Sometimes the equation is much simplified when 
reducedj to the polar fonn. 

116. n. For Polar Curves. 

It is advisable to follow some such routine as the 
following : — 

1. If possible,/orm a table of corresponding values 
of r and 6 which satisfy the curve for chosen values 

of 6, such as 0=0, ±5, ±x> *?> 6^- Consider both 
4 o 

positive arid negative values of 6, 

2. Examine whether there be symmetry about the 
initial line. This will be so when a change of sign of 
6 leaves the equation unaltered, e.gr., in the cardioide 

7'=:a(l— COS0). 

3. It will frequently be obvious from the equation 
of the cunre that the values of r or are confined 
between certain limits. If such exist they should be 
ascertained, e.g., if r=a sin 7i0, it is clear that r must 
lie in magnitude between the limits and a, and the 
curve lie wholly within the circle r = a. 

4. Examine whether the curve has any asymptotes, 
rectilinear or circular. 

Rectification. 

117. The process of finding the length of an arc of 
a curve between two specified points is called recti- 
fication. 

Any formula expressing the differential coefficient 
of 8 proved in the differential calculus gives rise at 
once by integration to a formula in the integral 
calculus for finding s. We add a list of the most 
common. (The references are to the author's Diff. 
Gale, for Beginners.) 

118. In each case the limits of integration are the 
values of the independent variable corresponding to 
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the two points which terminate the arc whose length 
is sought. 



Formula in the Di£F. Calc. 



doc 



©■ 

^■aRU" 



da 
di 



dr x/^SZp 

^ = « + ^. 



Formula in the Int. Calc. 






Reference. 



P. 98. 
P. 103. 
P. 103. 
P. 100. 



Pp. 103, 
105. 

P. 148. 



Observations. 



For Cartesian Equa- 
tions of form 

For Cartesian Equa- 
tions of form 

For Polar Equations 
of form 

For Polar Equations 
of form 

For case when curve 
is given as 

For use when Pedal 
Equation is given. 

For use when Tan- 
gential Polar 
Equation is given. 



119. We add illustrative examples : — 

Ex. 1. Find the length of the arc of the parabola a^=4ai/ 
extending from the vertex to one extremity of the latus-rectum. 

y= — , yi=—, and the limits are ^=0 and a;=2a. Hence 
4a 2a 



=^[2cuj8a^+ 4a21og(l -t-V2)] 
=a[V2+log(l-fV^)]. 



T 

lo 
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Ex. 2. Obtain the same result by taking y as the inde- 
pendent variable. 

x=^>J^ay, ~=^ A/-, and the limits are y =0 and y =a. Hence 
ay y y 

r^fTT^j (Put y=atan2^, 
arc=j ^Jl + -dy ^^^ . 4=:.2atan ^sec2^c^(9.) 

= / 2a8e(^ede 

^2ap"^^«ec^^^ log(tan ^+sec O)]] 

= a[x/2 + log(l+V2)]. 
Ex. 3. Find the perimeter of the cardioide r=a(l - cos 6), 




Fig. 11. 

The curve is svmmetrical about the initial line, and varies 
from to TT for the upper half. 

^=asin^. 
a(7 

Hence arc= 2 f' Va2(l - cos Oy + ahin^O dO 

= 2a . r2 sin|c?^ = r - 8a cos |1' = 8a. 
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"\ Ex. 4. Find the length of the arc of the equiangular spiral 
p=rsina between the points at which the radii vectores are 
rj and r^. 

f ^ rdr r 2-/'i 

Vr^-r^sin^a^cosa' 



Here ^rc^ p . ^^ - =^2^1^ 



Ex. 5. Find the length of any arc of the involute of a circle, 
whose equation iap=^Aylr+B. 

Here ,= g+ i^f ]j;^=^v»' - w)+m2-^i), 

where yjri and '^2 ^^^ *^® values of yjr at the beginning and end 
of the arc respectively. 



120. Formula for Closed Curve. 

In using the formula 



=^+w 



in the case of a closed oval, the origin beinff within 
the curve, it may be observed that the length of the 

whole contour is given by I pdxfry for the portion 
-ry disappears when the limits are taken. 

Ex. Show that the perijneter of an ellipse of smaU eccen- 
tricity e exceeds by -^ of its length that of a circle having the 

64 
same area. [7, 1889.] 

Here p^ = a^cos^ + bhinhfr = a\l - e^in^^ ), 

where yjr is the angle which p makes with the major axis. 

Hence p=^a(l- -e^in^i/r - -e*sin*i/r . . . J . 

Hence ,=4o{|_^.l |-i««.? 1 1| (very approximately) 

1 o 3 

2 32 



y 
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The radius (r) of a circle of the same area is given by 

and its circumference =27ra( 1 --e^ - -— e*... ). 
\ 4 32 / 

— - — ) xrae* = —- . 27ra 
Id 32/ u4 

— — [circ. of circle], as far as terms involving e*. 



EXAMPLES. 

1. Find by integration the length of the arc of the circle 
a^-\-y^—a\ intercepted between the points where a: = a cos a and 
^=acos^. 

2. Show that in the catenary ^=0 cosh- the length of arc 

from the vertex (where J7=0) to any point is given by 

«=csinh-. 
c 

3. In the evolute of a parabola, viz., 4(^-2a)'=27ay2^ show 
that the length of the curve from its cusp (^=2a) to the point 
where it meets the parabola is 2a(3V3 - 1). 

4. Show that the length of the arc of the cycloid, 

^=a(^+sin^),| 
y=a(l-cos d\) 
between the points for which ^=0 and 0=2ylr, is «=4a sin yjr. 

5. Show that in the epicycloid for which 

^=(a+ 6)cos ^ - 6 cos ^^, ^ 



y=(a+6)sm^-6sin^^, 

a 26 ' 

8 being measured from the point at which d^Trb/a, 

When ^ — -jy show that ^*+y*=a*; and that if « be 
measured from a cusp which lies on the y-axis, ^cca^. 
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6. Show that in the ellipse ^=acos^, y=6sin^, the peri- 
meter may be expressed as 

7. Find the length of any arc of the curves . 

(i.) r=aco8^. (iii.) r=aO. 

(ii.) r—ofT^, (iv.) r=a sin^-. 

2 

8. Apply the formula s— -^+ jpdylr to rectify the cardioide 
whose equation is r=a(l +cos 0), [Tbinity, 1888.] 

9. Two radii vectores OF, OQ of the curve 

.=2acos3(r+|) 

are drawn equally inclined to the initial line ; prove that the 
length of the intercepted arc is oa, where a is the circular 
measure of the angle POQ. [Aspabaqus, Educ. Times.'] 

10. Show that the length of an arc of the curve ^**=af^+** can 

be found in finite terms in the cases when ——or - — h;;: is an 
integer. 2m 2m 2 

11. Find the length of the arc between two consecutive cusps 
of the curve (c? - a^)p^=(^r^ - a?-). 

12. Find the whole length of the loop of the curve 

Zay^=aix-af, [Oxfobd, 1889.] 

13. Show that the length of the arc of the hyperbola xy—a^ 
between the limits x=h and ^=c is equal to the arc of the 
curve «2(flt*+r*)=aV between the limits r=h,r=c, 

[Oxford, 1888.] 

14 Show that in the parabola ?^=l+cos^,-^ =-^, and 

hence show that the arc intercepted between the vertex and the 
extremity of the latus rectum is a{\^2+log(l +\^)}. 

[I. C. S., 1882.] 
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121. Length of the Arc of an Evolute. 

It has been shown {Diff. Gale, for Beg., Art. 157) 
that the difference between the radii of curvature at 




Fig. 12. 



two points of a curve is equal to the length of the 
corresponding arc of the evolute ; 




i.e., if ah be the arc of the evolute of the portion AH 
of the original curve, then (Fig. 12) 

a.rGah=Aa—H7i, i.e., p (at A) —p (at H), 
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and if the evolute be regarded as a rigid curve, and a 
string be unwound from it, being kept tight, then the 
points of the unwinding string describe a system of 
parallel curves one of which is the original curve AH. 

Ex. Find the length of the evolute of the ellipse. 

Let Oy a'y j8, P' be the centres of curvature corresponding to 
the extremities of the axes, viz.. A, A\ B, B respectively. The 
arc aj8 of the evolute corresponds to the arc AB of the curve, 
and we have (Fig. 13) 

arc o|8=p<at 5)-p<at ^)=j-^ 

[for rad. of curv. of ellipse = ^-^. Ex. 3, p. 1 53, IHf, Cede, for Beg,"], 
pi 

Thus the length of the entire perimeter of the evolute 

Show in the above manner for the parabola y^—^ax that the 
length of^the part of the evolute intercepted within the parabola 
i8 4a(3V3-l). 

122. Intrinsic Equation. 

The relation between s, the length of the arc of a 
given curve, measured from a given fixed point on 




Fig. 14. 

the curve, and the angle between the tangents at the 
extremities of the arc is called the Intrinsic Equation 
of the curve. 
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123. To obtain the Intrinsic Equation from the 
Cartesian. 

Let the equation of the curve be given as y=f(x). 
Suppose the a;-axis to be a tangent at the origin, and 
the length of the arc to be measured from the origin. 

Then tan^=/(aj), (1) 



also 



^=^'s/l + [fX^)fdx (2) 



If 8 be determined by integration from (2), and x 
eliminated between this result and equation (1), the 
required relation between 8 and ^ will be obtamed. 

Ex. 1. Intrinsic equation of a circle. 




If yfr be the angle between the initial tangent at A and the 
tangent at the point P, and a the radius of the circle, we have 

FdAr=P^X=ylr, 
and therefore s^^ayjr. 

Ex. 2. In the case of the catenary y+c=ccosh-, the in- 
trinsic equation is « = c tan sjr. ^ 

For tani^=$^ = sinh- 

ax c 

and ^ = A/n-sinh2f=cosh-, 

dx y c <f 

E, I. a K 
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and therefore «=c8inh?, 

c 

the constant of integration being chosen so that x and * vanish 
together, whence 

*=ctan^. 

124 To obtain the Intrinsic Equation from the 
Polar. 




Fig. 16. 

Take the initial line parallel to the tangent at the 
point from which the arc is measured. Then with the 
usual notation we have 

r =f(6)y the equation to the curve, (1) 

ylr=e+<f>, (2) 

<--*-€-P§j ■ » 

m'4^^^'-^^^^^^^^f+^^'^ <*> 

If 8 be found by integration from (4), and 0, ^ 
eliminated by means of equations (2) and (3), the 
required relation between 8 and ^ will be found. 

Ex. Find the intrinsic equation of the cardioide 

r=a(l-cos 6), 
Here i/r=^+<^ 

and tan<^=^(iri2«i) = ta.n|. 
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Hence 
and 



^ 2' 




Also 



and 



Fig. 17. 

^=Va2(i -COS ef+ahin^e 
du 

=2a sin ^, 



s= -4a cos - + C. 



If we determine C so that 5=0 when ^=0, we have 
{7= 4a, 
.*. «=4af l~cos- j, 

or «=4a( l-cosf^j, 

the intrinsic equation sought. 

We may notice that if A be the vertex, the arc ^P is 4a cos - 



148 INTEGRAL CALCULUS. 

125. When the Eqnation of the Curve is given as 

x==f{t), y=<f>{t). 

we have tan ylr=-£=i^ (1) 

^- i= V(#^T=-/i7W+OTP. (2) 

By means of equation (2) 8 may be found by in- 
te^ation in terms of t 

If then, between the result and equation (1) t be 
eliminated, we shall obtain the required relation 
between 8 and \fr. 

Ex. In the cycloid 

y=a(l-cos^), 

we have tan yk^^-^ — = tan -, 

^ 1+cos^ 2 

.-. t=^2ylr. 

Also ^=aV(l+cosOHsin2^=2a cos 4 

at 2 

whence «= 4a sin - if « be measured from the origin where t=0. 
Hence «=4asin yjr is the equation required. 

126. Intrinsic Equation of the Evolnte. 

Let s=f(\J/) be the equation of the given curve. 
Let 8' be the length of the arc of the evolute measured 
from some fixed point A to any other point Q. Let 
and P be the points oh the original curve corre- 
sponding to the points A, Q on the evolute; p^, p the 
radii of curvature at and P; \f/ the angle the 
tangent QP makes with OA produced, and \fr the 
an^e the tangent PT makes with the tangent at O. 



or 
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Then \[r' = \[r, and 

, ds 
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O T 



Fig. 18. 



127. Intrinsic Equation of an Involute. 

With the same figure, if the curve -4Q be given by 
the equation 8'=f{\jr ), we have 

whence s = \{f(^) + pol^V^- 

Ex. The intrinsic equation of the catenary is «=ctan^ 
(Art. 123). 

Hence the intrinsic equation of its evolute is 

and /Oo= radius of curvature at the vertex 



= c p= y=c8ec2^ and -^=0 , 



dyfr 

. • . the evolute is s— c(sechlr - 1 ), or 8=c tan^^. 
The intrinsic equation of an evolute is 

8= j(cta.nylr-\-A)d'\lr 

= c log sec ylr + Ayjr + constant ; 
and if « be so measured that 8=0 when -^=0, we have 
8=c log(8ec yjr) + Ayfr. 
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128. Length of Arc of Pedal Curve. 

If ^ be the perpendiciilar from the origin upon the 
tangent to any curve, and x the angle it makes with 
the initial line, we may regard p, x a^ the current 
polar coordinates of a point on the peaal curve. 

Hence the length of the pedal curve may be cal- 
culated by the formula 



Ia^^-'x. 



Ex. Apply the above method to find the length of any arc 
of the pedal of a circle with regard to a point on the circum- 
ference {i.e. a cardioide). 




Pig. 19. 

Here, if 2a be the diameter, we have from the figure 

o= OPcos?^ = 2acos2?. 
^ 2 2 

Hence arc of pedal = / 2 A/a^cos*^ + a^sin^ cos^^x 

= / 2a cos |c?x = 4a sin ^ + (7. 
•/ 2 2 

The limits for the upper half of the curve are x=0 and x=ir. 
Hence the whole perimeter of the pedal 

=2r4asin|T=8a. 
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EXAMPLES. 

1. Find the length of any arc of the curve yHa-x)=a^, 

[a, 1888.] 

2. Find the length of the complete cycloid given by 

y^a — a COS O.f 

3. Find the curve for which the length of the arc measured 
from the origin varies as the square root of the ordinate. 

4. Show that the intrinsic equation of the parabola is 

« = a tan -^ sec -^ + a log(tan -^ + sec '^). 

5. Interpret the expressions 

wherein the line integrals are taken round the perimeter of a 
given closed curve. [St. John's, 1890.] 

6. The major axis of an ellipse is 1 foot in length, and its 
eccentricity is 1/10. Prove its circumference to be 3'1337 feet 
nearly. [Trinity, 1883.] 

7. Show that the length of the arc of that part of the 
cardioide r = a(l + cos 6), which lies on the side of the line 
4r=3asec 6 remote from the pole, is equal to 4a. [Oxfobd, 1888.] 

8. Find the length of an arc of the cissoid 

COS 6 

9. Find the length of any arc of the curve 

^ -y =« • 

10. Show that the intrinsic equation of the semicubical para- 
bola 3ay2 = 2^ is 9« = 4a(sec3\/r - 1). 

11. In a certain curve 



^=:e*sin d,\ 

y=e*cos 0,j 

show that 8 = e*V2 + C 
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12. Show that the length of an arc of the curve 

X sin 0+y cos 0=f (6\ 
^ cos ^ -y sin $^f'{0)^ 

is given by B=^j{e)+f\0)+C 

13. Show that in the curve y^alogsec- the intrinsic equa- 
tion is « == a gd"^. ^ 

14 Show that the length of the arc of the curve y=logcoth- 

between the points {x^, yX (x^ yi) is log ^ .^K 

sinho^i 

15. Trace the curve y^=^(a-^)*, and find the length of that 

oa 

part of the evolute which corresponds to the loop. 

[St. John*s, 1881 and 1891.] 

16. Find the length of an arc of an equiangular spiral 
(jt?=rsina) measured from the pole. 

Show that the arcs of an equiangular spiral measured from 
the pole to the diflferent points of its intersection with another 
equiangular spiral having the same pole but a different angle 
will form a series in geometrical progression. [Trinitt, 1884.] 

17. Show that the curve whose pedal equation is jE?2=r2— a* 
has for its intrinsic equation «=a^. 

18. Show that the whole length of the lima9on r=a cos ^+6 
is equal to that of an ellipse whose semi-axes are equal in length 
to the maximum and minimum radii vectores of the lima^on. 

19. Prove that the length of the nth. pedal of a loop of the 
curve r^=a"*sinm^ is 

(sinm^) "* dO. r 1333-1 



20. Show that the length of a loop of the curve 

d^ 
jJlZr^' [St. John's, 1881.] 



■/■ 



CHAPTEE X. 
QUADEATUEE, Etc. 

129. Areas. Cartesians. 

The process of finding the area bounded by any 
portion of a curve is termed quadrature. 

It has been already shown in Art. 2 that the area 
bounded by any curved line [y = <l>(x)], any pair of 
ordinates [x'=a and x = h] and the axis of aj, may be 
considered as the limit of the sum of an infinite num- 
ber of inscribed rectangles; and that the expression 
for the area is 



\ydx or 1^ (x)dx. 



In the same way the area bounded by any curve, 
two given abscissae [y = c, y = d] and the y-a.xis is 



r 



xdy. 



130. Again, if the area desired be bounded by two 
given curves [y = <l>(x) and y=^y}r(xy\ and two given 
ordinates [x = a and x = b], it will be clear by similar 
reasoning that this area may be also considered as the 
limit of the sum of a series of rectangles constructed 
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as indicated in the figure. The expression for the 
area will accordingly be 

Lt^PQdx or ^[<t>{x)^y}r{x)'\dx, 

x=a J 



fy'4>fiO 



fyiffx) 




Fig. 20. 



Ex. 1. Fiud the area bounded by the ellipse -5+ fs=l, the 
ordinates a;=^c,a:=d aiid the 4;-axi8. 

Here area= f ^/^^^^^^^^P^^^^^+^sin-^fT 
J^ a aL 2 2 aJe 

2aL \ a aJJ 

For a quadrant of the ellipse we must put d=a and c=0 and 
the above expression becomes 

«_ . az . - or — — , 
2a 2 4 ' 

giving irah for the area of the whole ellipse. 

Ex. 2. Find the area above the ^-axis included between the 
curves 1/^ = 2aa7 - a^ and ^ = cue. 

The circle and the parabola touch at the origin and cut again 
at (a, a). So the limits of integration are from ^=0 to a? = a. 

The area sought is therefore 



/ \^2(ix-oc^'-4ax^. 
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Now, putting ^=a(l-cos^), 

i i 2 2 4' 



and j Vaicia? = \^r^| =§«*. 

Thus the area required is a^ ( ^ - _ V 



165 




Fig. 2L 

Ex. 3. Find the area 

(1) of the loop of the curve /v(a:^+i/^)=a(a^-i/^) ; 

(2) of the portion bounded by the curve and its asymptote. 



Here 






To trace this curve we observe : — 

(1) It is symmetrical about the ^-axis. 

(2) No real part exists for points at which ^ is >a or 

<-a. 



!3) It has an asymptote x+a—0. 
4)Iti 



; goes through the origin, and the tangents there are 

(5) It crosses the 4;-axis where a:=a, and at this point -^ is 

infinite. ^ 

(6) The shape of the cui've is therefore that shown in the 

figure (Fig. 22). 

Hence for the loop the limits of integration are to a, and 
then double the result so as to include the portion below the 
^-axis. 



156 
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For the portion between the curve and the as^Tnptote the 
limits are — a to 0, and double as before. 
For the loop we therefore have 

area =2 /. xA^^^dx ; 
J y a+a: 



for the portion between the curve and the asymptote, 
area=-2r^A/^fir. 




Then 



and 



Fig. 22. 

To integrate / ^a/ ^~'^ c^, put 

^=acos^ and dx=^ —asinOdO. 

[\J^E£dx^ - racoseJ<]-'^\^aBm0dO 
J ya+x J y l-cos2^ 

' f 

=a2/ (coso-coQ^eyie 

=4-ll)=(^-i>' 

area of loop=2a2( 1- ^ j. 
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=a2r(cos^-co8*^)c?^ 

[The meaning of the negative sign is thiat — In chm)«ln|t <^^ 
+ sign before the radical in y-^A/^Llf we art> tmoinu X\\<^ 

portion of the curve below the ^-axis on the left of i\\^ orlijiu 
and above the axis on the right of the origin. Henoo y 1km u^ 
negative between the limits referred to, it is to bo t^xpeottHl 
that we should obtain a negative value for the expreHwion 

Thus the whole area required is 

pt must also be observed in this example that the greatest 
ordinate is an infinite one. In Art. 2 it was assumed that 
every ordinate was finite. Is then the result for the area 
boimded by the curve and the asymptote rigorously true ? 

To examine this more closely let us integrate between limits 
— a+€ and 0, where € is some small positive quantity, so as 
to exclude the infinite ordinate at the point a?" -a, we have 
as before 

[\ ^^£dx^ a^r'\coB e-com)de 

where ~a+€=acos(7r — 8), 

so that 3 is a positive small angle. This integral is 

' =<-l-^|+si„S-.!i^«]. 
which approaches indefinitely close to the former result 

when 3 is made to diminish without limit.] 
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EXAMPLES. 

1. Obtain the area bounded hy a parabola and its latus 
rectum. 

2. Obtain the areas bounded by the curve, the ^-axis, and the 
specified ordinates in the following cases : — 

(a) y=cco8h-, 07=0 to a?=A. 
c 

(6) ^=c*, ^=0 to x=h. 

(c) y:=^c^~x^^ x^^a^ — l^ to x—a. 
a 

{d) y=x€^y ar=0 to x=h, 

{e) y=log^, x—a to x—h, 

(/) xy^T^^ x—a to ^=6. 

3. Obtain the area bounded by the curves 2^=4aXy a^—Aay. 

4. Find the areas of the portions into which the ellipse 
a^/a^+y^/b^—l is divided by the line y =c. 

5. Find the whole area included between the curve 

a^^=a^^ — x^) 
and its asymptotes. 

6. Find the area between the curve y(a+^)=(a-^)'and its 
asymptote. 

7. Find the area of the loop of the curve y^x + {x-\- ay{x + 2a) = 0. 

131. Sectorial Areas. Polars. 

When the area to be found is bounded by a cvrve 
r=f{Q) and two radii vectores drawn from the origin 
in given directions, we divide the area into elementary- 
sectors with the same small angle SQ, as shown in the 
figure. Let the area to be found be bounded by the arc 
PQ and the radii vectores OP, OQ. Draw radii vectores 
OP^y OP 2, ... OPn-i at equal angular intervals. Then 
by drawing with centre the successive circular arcs 

Pi\r, PiNi, ^2^2* ^^^y i^ ^^y ^ ^^ ^^^^ ^^^ ^^^^ *t® 
limit of the sum of the circular sectors OPN, OPj-flTi, 
OP^N^y etc., is the area required. For the remaining 
elements PNP-^, P^N^P^, P^NJP^, etc., may be made to 
rotate about so as to occupy new positions on the 
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greatest sector say OPn-iQ as indicated in the figure. 
Their sum is plainly less than this sector; and in the 
limit when the angle of the sector is indefinitely 
diminished its area also diminishes without limit pro- 
vided the radius vector OQ remains finite. 




(T 

Fig. 23. 

The area of a circular sector is 

|(radius)2 X circular meas. of angle of sector. 

Thus the area required = iLtXr^SO, the summation 
being conducted for such values of 6 as lie between 
6 = xOP and 6 = xOPn-hi.e., xOQ in the limit, Ox being 
the initial line. 

In the notation of the integral calculus if xOP=a, 
and xOQ = ^y this will be expressed as 



^^'t^cLO or h[{f(e)Vd0. 



a 

Ex. 1. Obtain the area of the semicircle bounded by r = acos 
and the initial line. 

Here the radius vector sweeps over the angular interval from 

^=0 to ^= -. Hence the area is 



jp 



icos20rfe=| . 1 1=^, i.e., Wradius)^. 
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Ex. 2. Obtain the area of a loop of the curve r=a sin 3^. 
This curve will be found to consist of three equal loops as 
indicated in the figure (Fig. 24). 
The proper limits for making the integration extend over the 

first loop are ^=0 and ^=^, for these are two successive values 
of 6 for which r vanishes. ^ 

.-. areaof loop=lf ahm^Z0de=^f (l-cosG^^ 



TV 6 /o 4 ' S^U' 



TTW 



The total area of the three loops is therefore 




Fig. 24. 
TJTAMPT.TM , 

Find the areas bounded by 

1. r2 = a^cos^^ + 62sin2^. 3. One loop of r == a sm 4^. 

2. One loop of r =a sin 2^. 4. One loop of r=a sin nd, 

5. The portion of r=ae^'^** bounded by the radii vectores 
0—^ and ^=/3+y (y being less than Stt). 

6. Any sector of r^6=a^ {9^a to O^p). 

7. Any sector of r^=a {O^a to ^=/3). 

8. Any sector of rS—a {6=a to 0=fi). 

9. The cardioide r=a(l -cos 6), 

10. If 8 be the length of the curve r=atanh^ between the 

origin and 6^2^, and A the area between the same points, 
show that -4 = a(3 - air), [Oxpobd, 1888. ] 
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132. Area of a Closed Curve. 

Let (Xy y) be the Cartesian coordinates of any point 
P on a closed curve; (x +Sx,y + Sy) those of an adjacent 
point Q. Let (r, 6), (r +Sr,6+ SO) be the corresponding 
polar coordinates. Also we shall suppose that in 
travelling along the curve from P to Q along the 
infinitesimal arc PQ the direction of rotation of the 
radius vector OP is counter-clockwise (i.e. that the 




Fig. 25. 



area is on the left hand to a person travelling in this 
direction). Then the element 

^rm=AOPQ=^^(x8y-y8x), 

Hence another expression for the area of a closed 

curve is C 

U(xdy-yd4)o\ 

the limits being such that the point (x, y) travels once 
completely round the curve. 



133. If we put y = vx ^ that — ^-~- — =dv. 



aj2 



we 



may write the above expression as jlaj^dt;, where x is 

to be expressed in terms of v and the limits of in- 
tegration so chosen that the current point (oj, y) travels 
once completely round the curve. As v is really 
tan Q and becomes infinite when is a right angle care 
must be taken not to integrate through the value oo . 



B.I. c. 



162 INTEGRAL CALCULUS. 

Ex. Find by this method the area of the ellipse 

^/a2+.y2/62=l. 
Putting y^vx, we have 



a 



+V' 



between properly chosen limits. 

Now, in the first quadrant v varies from to oo . Hence 

area of quadrant =^ • ^, 
and therefore area of ellipse =irab. 

134. If the origin lie without the curve, as the 
current point P travels round we obtain triangular 
elements such as OP-Ji^y including portions of space 
such as OP2Q2 shown in the figure which lie outside 




Fig. 26. 



the curve. These portions are however ultimately 
removed from the whole integral when the point P 
travels over the element P2Q2> ^^^ ^^® triangular 
element OP^Q^ is reckoned negatively as d is decreasing 
and SQ is negative. 

135. If however the curve cross itself, the expression 
\\{xdy--ydx\ taken round the whole perimeter, no 
longer represents the sum of the areas of the several 
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loops. For draw two contiguous radii vectores OP^, 
OQ^ cutting the curve again at Q^y -Pg, Q^ and Pg? Qz> ^4, 
respectively. Then in travelling continuously through 
the complete perimeter we obtain positive elements, 
such as OPjQ^ and OP^Q^, and negative elements 
such as OP2Q2 and OP^Q^. 

Now OP,Q,^OP,Q,+OP,Q,-OP,Q, 

= quadl. P,Q,P,Q,-(iuadl P.Q^.Q,, 

and in integrating for the whole curve we therefore 
obtain the difference of the two loops. 




Fig. 27. 



Similarly, if the curve cuts itself more than once, 
this integral gives the difference of the sum of the odd 
loops and the sum of the even loops. 

To obtain the absolute area of such a curve we must 
therefore obtain that of each loop separately and then 
add the results. 

Of course in curves with several equal loops it is 
suflScient to find the area of any one, and to ascertain 
the number of such loops. 

136. Other Expressions for an Area. 

Many other expressions may be deduced for the 
area of a plane curve, or proved independently, 
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specially adapted to the cases when the curve is 
defined by other systems of coordinates. 

If PQ be an element &8 of a plane curve, and OT 
the perpendicular from the pole on the chord PQ^ 



O"^ 




Fig. 28. 

AOPQ = JO F. PQ, and any sectorial area = \LtI.O 7. PQ 
the summation being conducted along the whole 
bounding arc. In the notation of the Integral Cal- 
culus this is 

hxpds 

[This may be at once deduced from jlr^dO, thus : — 

ir^dO = lr^-7-ci8= \r sin ^ ds 

(where <p is the angle between the tangent and the 
radius vector) 



137. Tangential-Polar Form. 

ds . dh) 
Again, since p = ^ = p+^„ 

we have area = J Ip ^s = i Ij^f ^^ + 'Tfy^i^y 
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a formula suitable for use when the Tangential-Polar 
equation is given. 

138. Glosed Gorve. 

When the curve is closed this expression admits of 
some simplification. 



For 



j^*=[4]-l©'<'*' 



and in integrating round the whole perimeter the first 
term disappears. Hence when the curve is closed we 

Ex. By Ex. 23, p. 1 13, Diff, Gale, for Beginners, the equation of 
the one-cusped epicycloid {i.e., the cardioiae) may be expressed as 

^ 3 




Fig. 29. 
Hence its whole area=i/ ( Qa^in^^-a^cos^^^jo?^ taken be- 
tween limits ^=0 and ir=—- and doubled. 

2S 

Putting yfr^ZO, this becomes 

=3a2 ^(9 sin2^ - coaW)dO=e'ira^, 



166 INTEGRAL CALCULUS. 

139. Pedal Equation. 

Again, for curves given by their pedal equations, 
we have 

Ex. In the equiangular spiral jd = r sin a. 
Hence any sectorial area 

J rcosa 



140. Area included between a curve, two radii 
of curvature and the evolute. 

In this case we take as our element of area the 
elementary triangle contained by two contiguous radii 
of curvature and the infinitesimal arc da of the curve. 




To first order infinitesimals this is ^p^Sxfry and the 

a,rea> = Lt^^p^Syf/'y i.e. iip^difr or |J/ocfe, 

Ex. 1. The area between a circle, its involute, and a tangent 
to the circle is (Fig. 31) 
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Ex. 2. The area between the tractrix and its asymptote is 
found in a similar manner. 

The tractrix is a curve such that the portion of its tangent 
between the point of contact and the ^-axis is of constant 
length c. 




Fig. 31. 



Taking two adjacent tangents and the axis of ^ as forming an 



elemental triangle (Fig. 32) 

area=2.i/'V(£T/r=^, 




EXAMPLES. 

1. Find the area of the two-cusped epicycloid 

» = 2asin^. 
^ 2 

[Limits ^=0 to ^=7r for one quadrant.] 

2. Obtain the same result by means of its pedal equation 

[Limits r=a to r=2a for one quadrant.] 
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3. Find the area between the catenary «=:ctan^, its evolute, 
the radius of curvature at the vertex, and any other radius of 
curvature. 

4. Find the area between the epicycloid «=u4sini5^, its 
evolute, and any two radii of curvature. 

6. Find the area between the equiangular spiral s=Ae^f its 
evolute, and any two radii of curvature. 

Areas of Pedals. 

141. Area of Pedal Ourve. 

If p=f{ylr) be the tangential-polar equation {Diff. 
Gale, for Beginners, Art. 130) of a given curve, S\lr 
will be the angle between the perpendiculars on two 
contiguous tangents, and the area of the pedal may be 

expressed as jlp^cZ^ (compare Art. 131). 




Fig. 33. 

Ex. Find the area of the pedal of a circle with regard to a 
point on the circumference (the cardioide). 

Here if OF be the perpendicular on the tangent at P, and 
OA the diameter (=2a), it is geometrically obvious that OP 

bisects the angle AOF. Hence, calling TOA=-\lrj we have for 
the tangential polar equation of the circle 

» = 2acos2^. 

^ 2 

Hence area = ^ / 4a2cos*^^, 
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where the limits are to be taken as and tt, and the result to 
be doubled so as to include the lower portion of the pedal. 
Thus 



3 = ft^231 ^_3 








Fig. 34. 

142. Locus of Origins of Pedals of given Area. 

Let be a fixed point. Let p, \[r be the polar co- 
ordinates of the foot of a perpendicular OY upon any 
tangent to a given curve. 




0(? \A 



Fig. 35. 



Let P be any other fixed point, PY^(=p^) the per- 
pendicular from P upon the tangent. Then the areas 
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of the pedals with and P respectively as origins are 

\{p^d\lr and ^[p^dylr, 

taken between certain definite limits. Call these 
areas A and -4, respectively Let r, be the polar 
coordinates of P with regard to 0, and x, y their 
Cartesian equivalents. Then 

and 2> is a known function of ^ Hence 
2^1 = Ipi^d^ = I (p — aj cos xfr — y sin '^)^d\Jr 

= Ip^d!^ — 2x \p cos ^ d\lr — 2y \p sin \[/^ dxfr 

+aj2|cos^>/r d\lr + 2xy\coa xfr sin ^ c/^ 

+ yAsm^\frd\lr. 

Now 2mcos^d^, 2msin>/rd^, jcos^d^, ... 

between such limits that the whole pedal is described 
will be definite constants. Call them 

-2^, -2/, a, 2A, 6, 
and we thus obtain 

2A^==2A + 2gx+2fy+ax^+2hxy+by\ 

If then P move in such a manner that A^ is constant, 
its locus must be a conic section. 

143. Gharacter of Conic, 

It is a known result in inequalities that 

Hence it will be obvious that if fyq^r, . . . , stand for 
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cos/a, cos2/i, cos3A, ... , cosiife, and pj, g^, r^, ... , for 
sin h, sin 2A, etc., we shall have in the limit when h is 
made indefinitely small and nh finite = ^, say, 

I cos^d^xl sin^d^>(| sni\lrco8\[rd\[r] , 



i,e. ab>h\ 

Hence our conic section is in general an ellipse. 

Moreover the position of its centre is given by 

and is independent of the magnitude of A^ Hence 
for different values of -4^ these several conic-loci will 
all be concentric. We shall call this centre Q. 

144. Glosed Oval. 

Next suppose that our original curve is a closed 
oval curve, and that the point P is within it. Then 
the limits of integration are and 2'7r. 

Thus a=| cos^/rd^ = 7r= I 8m^\lrd\fr = b 



and k = I cos \/r sin xfr dyfr = 0. 



Hence the conic becomes 

ir{x^+y^) + 2gx+2fy+2{A-A,)^0, 
i.e. a circle whose centre is at the point 

1 f ^' 1 f 2' 

—I pco&\frd\l/^, -I painxlrdxlr. 



146. Gonnexion of Areas. 

The point Q having been found, let us transfer our 
origin rrom to Q. The linear terms of the conic 
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will thereby be removed. Thus (} is a point such 

that the integrals Ipcos^cZ^ and msin^dl^ both 

vanish, and if 11 be the area of the pedal whose pole 
is Q, we have for any other 

2 jIj = 2n + aaj2 + 2^y + 62/2 

in the general case. The area of this conic is 
27K^i-n) 

(Smith's Conic Sections, Art. 171). Thus 

A TT . sjoh — lfl? , i? • \ 

J.i = IH s (area oi conic). 

For the particular case of any closed oval the equa- 
tion of the conic becomes 

2^, = 2n + 7r(aj2+2/2), 
whence -4^ = 11 + -q-, 

where r is the radius of the circle on which P lies for 
constant values of -4^, i.e. the distance of P from 1}. 

146. Position of the Point Q for Gentric OvaL 

In any oval which has a centre the point 12 is 
plainly at that centre, for when the centre is taken as 

origin, the integrals Ipcos^d^ and lpsin^di/r 

both vanish when the integration is performed for the 
complete oval (opposite elements oi the integration 
cancelling). 

147. Ex. 1. Find the area of the pedal of a circle with 
regard to any point within the circle at a distance c from the 
centre (a lima9on). 

Here ^i=n+^, 

and II=7ra2. 

Hence ^i=ira2+^ 
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Ex. 2. Find the area of the pedal of an ellipse with regard 
to any point at distance c from the centre. 

In this case n is the area of the pedal with regard to the centre 

w 

=2 /'Vcos2^+628in2^)c^(9=(a2+62)^. 

Hence A^ = %i^ + 62 + c2). 

Ex. 3. The area of the pedal of the cardioide r=a(l -cos d) 
taken with respect to an internal point on the axis at a distance 
c from the pole is 

|(5a»-2ac+2c«). [math. Tbipos. 1876.] 

Let be the pole, P the given internal point ; p and jo, 
the two perpendiculars OY^ and PY^ on any tangent from O 

and P respectively ; (f> the angle Y^OP and OP=c ; then 

jOj =p - c cos <^, and 2^^ = 2 A — 2c j p cos <l> d<l> + j c^cos^c^ c?<^. 




Fig. 36. 
Now in order that p may sweep out the whole pedal we must 
integrate between limits <^=0 and <^=-^ and double. Now in 
the cardioide (Fig. 36) 

p^OQsiu Y^QO^OQainh^OQ. 

[Diff. Cole, p. 190.] 
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For F,<?0=|rO(? = | 

Hence |-{<^-(;r-«)}=|, 

^_^=^, and |=f4 
2^2' 2 2 3 

so «=rsinx = 2a8in^-=2acos3?. 

^22 3 

Hence jpcos<l>d<l>=2J 2a cos^i cos <f>d<l} 
= 4ax3j coe^zcoa^dz 

w 
= 12a/ [4 C08*« - 3 C08*2:]flfo 

= 12^45 ? 1 !r-3? 1 !r1=?![?. 

L 6 4 2 2 4 2 2J 4 
Also /'c2cosV<^<^=3.2c2i 'E=^. 

Finally 2A=^2 f 4a^coa^id<t> = 24^2 /* cos«0 cfo, 

'9 

6 4 2 2 8 

ihus ^1 — g r^-^-r 

=|7r(5a2-2ac+2c2). 
8 

148. Origin for Pedal of Minlmnm Area. 

When Q is taken as origin, it appears that 

2A^ = 2Tl+\{xcos\lr+y8m\[ryd\[/', 

Hence as the term \(x cos \lr+yQin\Jryd\lr is necessarily 
positive, it is clear that A^ can never be less than 11. 
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12 is therefore the origm for which the corresponding 
pedal curve has a minimum area. 

149. Pedal of an Evolute of a Glosed Oval. 

The formula for the area of any closed oval proved 
in Art. 138 is 

area of oval = | N ^9^ — \Jj) \dyjr. 
Hence h\p^dyfr = oval + i f (S) W- 




which plainly expresses that the area of any pedal 
of an oval curve is equal to the area of the oval itself 
together with the area of the pedal of the evolute (for 

-Vj is the radius vector of the pedal of the evolute). 

This also admits of elementary geometrical proof. 

Ex. Find the area of the pedal of the evolute of an ellipse 
with reffard to the centre. 
The aoove article shows that 

area of pedal of evolute = area of pedal of ellipse — area of ellipse 
=|(a*+6^)-;rai=|(a-6)*. 
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160. Area bounded by a Onrve, its Pedal, and a 
pair of Tangents. 

Let P, Q be two contiguous points on a given 
curve, r, F' the corresponding points of the pedal of 
any origin 0, Then since (with the usual notation) 

PY=-Jp the elementary triangle bounded by two 

contiguous tangents PY^QY' and the chord YY' is to 
the first order of infinitesimals 



i©v. 




Hence the area of any portion bounded by the two 
curves and a pair of tangents to the original curve 
may be expressed as 

and is the same as the corresponding portion of the 
area of the pedal of the evolute. 

161. Gorresponding Points and Areas. 

Let f(x, 2/) = be any closed ciu^e. Its area (A^) 
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is expressed by the line-integral Vydx taken round 

the complete contour. 

If the coordinates of the current point (aj, y) be 
connected with those of a second point (^, i;) by the 
relations x = m^, y = nri, this second point will trace out 
the curve f{m^, ntD^O whose area (A^ is expressed 

by the line-integral \fj d^ taken round its contour. 

And we have 

-^1= \y dx = \ntim d^ =7an\fi d^^rrinA^, 

whence it appears that the area of any closed curve 
f(^Xy y)=0 is ran times that otf(riix, ny) = 0, 

162, Ex. 1. Apply this method to find the area of the ellipse 

Putting f=l, 1=^, 

a r r 

the corresponding point ^, ri traces out the circle 

^2 + ^2 = ^^ 

and area of ellipse =—s^ x area of circle 

Ex. 2. Find the area of the curve (m^a^ + nh/^y = a^a^ + b^i/\ 
Let nuc=^^i n^=% 

then the corresponding curve is 

inr 7k, 
or in polars ^ = -^ cos^ ^ + -^ sin^^, 

the central pedal of an ellipse, symmetrical about both axes. 
& I. c. M 
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Hence the area of the first curve 



= — X area of second 



l=J_.2;r(4co8»^+^8in'^V« 
mn J \m^ n^ / 



EXAMPLES. 

1. Find the area of the loop of the curve 

ay^=a^a-x). p. C. S., 1882.] 

2. Find the whole area of the curve 

ahf^^a^a^-a^. [I. C. S., 1881.] 

3. Trace the curve d^a^—yH^a-y)^ and prove that its area is 
equal to that of the circle wnose radius is a. 

[I. C. S., 1887 and 1890.] 

4. Trace the curve c^^=a^{2a-x\ and prove that its area is 
to that of the circle whose radius is a as 5 to 4. 

5. Find the whole area of the curve 

^ a^+x^' [Cla^e, etc., 1892.] 

6. By means of the integral lydx taken round the contour 
of the triangle formed by the intersecting lines 

show that they enclose the area 

2(^1 - %) 2(03 - «!> 2(a3 - ag) 

[Sm. Prize, 1876.] 

7. Find the area between y^= and its asymptote. 

a — x 

8. If ^ be the angle the tangent makes with the axis of ^, 
show that the area of an oval curve is 

± / y cos yjrds or + / ^ sin yjr ds, 

the integration being taken all round the perimeter. 
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9. Find the areas of the curves 

^'^;:5S;<«-)(f)^(f)*=i;(iii.)(f)%(ff=i. 

10. Find the areas bounded by 

^+/=4a2, a^-\-y^=z2ay, x=a. [H. C. S., 1881.] 

11. The parabola y^—ax cuts the hyperbola a^-y^=^a^ at 
the points P, Q; and the tangent at P to the hyp|erbola cuts the 
parabola again in R, Find the area of the curvilineal triangle 
^QR- [Oxford, 1889.] 

12. Find the area common to the ellipses 

^+2y2=2c2, 2x^+y^=2c^. [Oxford, 1888.] 

13. Find the two portions of area bounded by the straight 
line y=c, and the curves whose equations are 

a^^y%^f&^ y^^^=^c\ [I. C. S., 1891.] 

14. Find by integration the area lying on the same side of 
the axis of a: as the positive part of the axis of y, and which 
is contained by the lines y'^=4MX, a^-hy^=2ax, x=^y+2a. 

Express the area both when x is the independent variable 
and when y is the independent variable. [Peterhouse, etc., 1882.] 

15. If ^ is the vertex, the centre, and P any point on the 
hyperbola x^la^-y^/b'^=l, prove that 

2^ 2S 

a:=acosh^-, ^ = 6sinh-=-, 

ao ao 

where S is the sectorial area A OP. [Math. Truos, 1885.] 

16. An ellipse of small eccentricity has its perimeter equal 
to that of a circle of radius a. Show that its area is 

ira^l - ^) nearly. [a, 1883.] 

17. Find the curvilinear area enclosed between the parabola 
y^=4ax and its evolute. 

18. Show that the area of the pedal of an ellipse with regard 
to its centre is one half of the area of the director circle. 

19. Prove that the area of the locus of intersections of 
tangents at right angles for the curve 

.v^+y^=a^ is ^aK [Math. Tripos, 1888.] 

20. Prove that if « be the arc of the curve 

r=aseca, "^ 

^=tana-a,/ 

where a is a variable parameter, measured from the initial 
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line to a point P on the curve ; and if ^ be the area bounded 
by the curve, the initial line, and the radius vector to P, then 

21. Find the area of the closed portion of the Folium 

Sasi n^cos ^ 

sin3g+cos3^* [I. C. S., 1884.] 

In what ratio does the line a?+y=2a divide the area of the 
loop? [Oxford, 1889.] 

22. Find the area of the curve r^aS^ enclosed between two 
given radii vectores and two successive branches of the curve. 

[TRmiTT, 1881.] 

23. Find the area of the loop of the curve r=a^co8 between 

^=0 and ^=|. [Oxford, 1890.] 

24. Show that the area of a loop of the curve r^acmnS is 
?^-, and state the total area in the cases n odd, n even. 

25. Find the area of a loop of the curve r=a cos 3^+ 6 sin 3^. 

[I. 0. S., 1890.] 

26. Show that the area contained between the circle r=a and 
the curve r=acos5^ is equal to three-fourths of the area of the 
circle. [Oxford, 1888.] 

27. Prove that the area of the curve 

r2(2c2cos2^-2acsin ^cos e+ahm^e)=a^<^ 
is equal to vac, [I. C. S., 1879.] 

28. Find the whole area of the curve represented by the 
equation r=acos 6-\-hy assuming h> a, 

29. Find the area included between the two loops of the 
curve r = a(2 cos ^ + ij2). [Oxford, 1889. ] 

30. Find the area between the curve r=a(sec^+cos^ and 
its asymptote. 

31. Prove that the area of one loop of the pedal of the 
lemniscate r2=a2cos2^ with respect to the pole is a\ 

[Oxford, 1885.] 

32. Find the area of the loop of the curve 

{x-\-y){a^+y^)=2axy, [Oxford, 1890.] 

33. Prove that the area of the loop of the curve 
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34. Find the whole area contained between the curve 

and its asymptotes. [Oxford, 1888.] 

36. Show that the area of the ellipse ^L^ =10^+11^-7^ in- 

V 
eluded between the curve, the semi-major axis, and a radius 

vector r from the centre, is — -tan~W g^Tg ? a, h being the 

semi-axes of the ellipse. [Olabe, etc., 1882.] 

36. Show that the area included between the curve «=a tan^, 
its tangent at "^=0 and its tangent at ^=<^, is 

-a^ tan <f>-\-a^ tan ^-ct^ log(sec <f> -H tan <f>). 

[Trinity, 1892.] 

37. Show that the area of the space between the epicycloid 
'p —ABUiBylr and its pedal curve taken from cusp to cusp is ^A^B. 

38. Show that the curve r=a(^V3-Hcos^0 has three loops 
whose areas are a\i^+2^), a2(f7r-{V3), a^i^-fV3) re- 
spectively. [CJOLLEOES, 1892.] 

39. Find the area of a loop of the curve 

j!*+^= ^c^xy. [Oxford, 1888. ] 

40. Find the area of the pedal of the curve 

(cMr)l+(6y)Ma2-62)i 
the origin being taken at x=^a^ — h\ y=0. [Oxford, 1888.] 

41. Find the area included between one of the branches of 
the curve ix^'^^a\a^+y^) and its asymptotes. [a, 1887.] 

42. Find the whole area of the curve 

^+y*=aV+i^^)- K 1887.] 

43. Find the area of a loop of the curve 

(mV-h/iW=«*^-^* [St. John's, 1887.] 

44. Trace the shape of the following curves, and find their 
areas : — 

(i.) {a^+y^f ^axf, 
(ii.) (:r2-|-2y2)3=a^. 

[Bell, etc., Scholarships, 1887.] 
46. Prove that the area of 
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46. Prove that the area in the positive quadrant of the curve 

47. Prove that the area of the curve 

(a2^ + 6V^=c^^-y*) is ^3{a6 + (62-a2)tan-i^|. 

[St. John's, 1883.] 

48. Prove that the area of the curve 

where c is less than both a and 6, is ir{ab-c^). [Oxford, 1890.] 

49. Prove that the area of the curve a^-Zaa^+a\^-\-y^)=0 
is fTra^ [Math. Tbipos, 1893.] 

60. Prove that the areas of the two loops of the curve 

r2-2arcos6'-8ar+9a2=0 

are (327r+24V3)a2, 

and (167r-24v^)a2. 

[Math. Tripos, 1875.] 



CHAPTER XT. 

SURFACES AND VOLUMES OF SOLIDS OF 
REVOLUTION. 

153. Volumes of Revolution about the ^-axis. 

It was shown in Art. 5 that if the curve y=f(x) 
revolve about the axis of x the portion between the 
ordinates x = x^ and a; = a;2 is to be obtained by the 
formula 

iry^.dx. 




164. About any axis. 

More generally, if the revolution be about any line 
AB, and if PN be any perpendicular drawn from a 
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point P on the curve upon the line AB and P'N' a 
contiguous perpendicular, the volume is expressed as 

or if be a given point on the line AB 
=^TrPN^d{ON). 

165. Ex. 1. Find the volume formed by the revolution of the 

loop of the curve y*=^r*^LZ^ (Art. 130, Ex. 3) about the ^-axis. 
a + x 

iry^dx—fcX x^ -dx. 

Putting a+jF=«, this becomes 

a 

a 

=27ra3[log2-§]. 

Ex. 2. Find the volume of the spindle formed by the revolu- 
tion of a parabolic arc about the line joining the vertex to one 
extremity of the latus rectum. 




Fig. 40. 



Let the parabola be y^=Aax, 

Then the axis of revolution is y=2:F, 

/ — 2a? 



and 



PN^^ 



n/6 
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Also 



d(AN) 



dx-\-2dy ^ X 



v5 



c?a; 



V5 



Vs 






and 



YolnmQ^lirPN^.dAN 






. 47r a3_ 27raV5 
'5\/5^6 75 



156. Surfaces of Revolution. 

Again, if /S be the curved surface of the solid traced 
out by the revolution of any arc AB about the aj-axis, 




Fig. 41. 



suppose PNy QM two adjacent ordinates, PJV being the 
smaller, Sa the elementary arc PQ, SS the area or the 
elementary zone traced out by the revolution of PQ 



? f 

- = 2iry or 8=\2Tryd8. 
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about the aj-axis, y and y + Sy the lengths of the 
ordinates of P and Q. 

Now we may take it as axiomatic that the area 
traced out by PQ in its revolution is greater than it 
would be if each point of it were at the distance PN 
from the axis, and less than if each point were at a 
distance QM from the axis. 

Then SS lies between ^iry Ss and 2Tr{y + Sy)88y and 
therefore in the limit we have 
dS 
da 

This may be written as 

1^-^%^' l^'^P'y' \^-^%^^' J2xy^r, etc., 

as may happen to be convenient in any particular 

example, the values of -j-> -t-> -ta, etc., being obtained 

from the differential calculus. 

157. Ex. 1. Find the surface of a belt of the paraboloid 
formed by the revolution of the curve y^—Aax about the a?-axis. 

ax ^x dx ' X 

and surface =27r/ y-^dx 

J dx 



=47rVa/ y/x+adx 

Ex. 2. The curve r = a(l+ cos 6) revolves about the initial 
line. Find the volume and surface of the figure formed. 

Here volume = / iry^dx^ it I ^-^in^^ d(r cos 0) 

= w fa\l + cos eysin^ea d(cos 6 + co826'), 
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the limits being such that the radius sweeps over the upper 
half of the curve. 

Hence volume = ira^ ['(1 + cos $)%! + 2 cos e)BmW dO 




= 27ra^r(l + 6coa^e)ainWde 



mr' 



- MI-'^l-MI)- 



mi) 

£9 



3 • 



"^i NM T 



Fig. 42. 



The surface = 27r Ud8=2'ir rrsin 6~ 



dQ 



^2Tr I a(l + cos ^)sin Oy/a\l + cos Of + ahmWdO 



= 2'ira^ r(l +COS ^)sin ^ . 2 cos |:i?^ 



= 167ra2/'cos*^sinfc;^ 
j 2 2 





= 327ra2 



,«5f 



32 2 

» o 



EXAMPLES. 

1. Obtain the surface of a sphere of radius a (i.) by Cartesians, 
(iL) by polars, taking the origin on the circumference. 
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2. A quadrant of a circle, of radius a, revolves round its chord. 
Show that the surface of the spindle generated 



= 27ra2^/2(l-|), 



and that its volume =i!^10-37r). 

3. The part of the parabola y^—Acuc cut off by the latus 
rectum revolves about the tangent at the vertex. Find the 
curved surface and the volume of the reel thus generated. 

Theorems of Pappus or Guldin. 

158. L When any closed curve revolves about a 
line in its own plane, which does not cut the curve, 
the volume of the ring formed is equal to tha;t of 
a cylinder whose base is the curve and whose height 
is the length of the path of the centroid of the area 
of the curve. 

Let the oj-axis be the axis of rotation. Divide the 
area (A) up into infinitesimal rectangular elements 
with sides parallel to the coordinate axes, such as 




Fig. 43. 

P^P^^.y each of area 8A. Let the ordinate P^N^ = y. 
Let rotation take place through an infinitesimal angle 
80. Then the elementary solid formed is on base SA 
and its height to first order infinitesimals is ySO, and 
therefore to infinitesimals of the third order its volume 
is &A . ySQ. 
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If the rotation be through any finite angle a we 
obtain by summation SA.y .a. 

If this be integrated over the whole area of the 
curve we have for the volume of the solid formed 



aUcZ-^. 



Now the formula for the ordinate of the centroid 
of a number of masses m^, mg, ..., with ordinates 

Vv 2/2' •••> ^^ y— y ' I^ ^''^^'^ w® ^^^ ^^^ value of 

the ordinate of centroid of the area of the curve, each 
element ^^1 is to be multiplied by its ordinate and 
the sum of all such products formed, and divided by 
the sum of the elements, and we have 

^_ Lt^ySA 
y^ LtXSA' 
or in the language of the Integral Calculus 

\ydA \ydA 

y=-r — =" — . 

\dA A 

Thus {ydA=Ay. 

Therefore volume formed =A(ay). 

But A is the area of the revolving figure and ay 
is the length of the path of its centroid. 

This establishes the theorem. 

Cor. If the curve perform a complete revolution, 
and form a solid ring, we have 

a = 2'7r and volume = il(27r^). 

159. II. When any closed curve revolves about a 
line in its own plane which does not cut the curve, 
the curved surface of the ring formed is equal to that 
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of the cylinder whose base is the curve and whose 
height is the length of the path of the centroid of the 
perimeter of the curve. 

Let the ic-axis be the axis of rotation. Divide the 
perimeter s up into infinitesimal elements such as PiPg 
each of length Ss. Let the ordinate PjiVj be called y. 
Let rotation take place through an infinitesimal angle 
SO. Then the elementary area formed is ultimately a 
rectangle with sides Ss and ySO, and to infinitesimals 
of the second order its area is Ss . ySO, 




Fig. 44. 

If the rotation be through any finite angle a we 
obtain by summation Ss . ya. 

If this be integrated over the whole perimeter of 
the curve we have for the curved surface of the solid 
formed 



aUc?8. 



If we seek the value of the ordinate (^) of the 
centroid of the perimeter of the curve, each element 
6s is to be multiplied by its ordinate, and the sum of 
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all such products formed, and divided by the sum of 
the elements, and we have 

or in the language of the Integral Calculus 
yds lyds 



fi = 



da 



Thus |yc?8 = s^, 

and the surface formed =8(arj). 

But 8 is the perimeter of the revolving figure, and 
afj is the length of the path of the centroid of the 
perimete7\ 

This establishes the theorem. 

Cor. If the curve perform a complete revolution 
and form a solid ring, we have a = 2'7r and 
surface = 8(2'7r^). 

Ex. The volume and surface of an anchor-ring formed by 
the revolution of a circle of radius a about a line in the plane of 
the circle at distance d from the centre are respectively 

volume = ira^ x 27rd = 27r Vc?, 
surface =27ra x27rd=4'!r^ad. 

EXAMPLES. 

1. An ellipse revolves about the tangent at the end of the 
major axis. Find the volume of the surface formed. 

2. A square revolves about a parallel to a diagonal through 
an extremity of the other diagonal. Find the surface and 
volume formed. 

3. A scalene triangle revolves about any line in its plane 
which does not cut the triangle. Find expressions for the 
surface and volume of the solid thus formed. 
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160. Revolution of a Sectorial Area. 

When any sectorial area OAB revolves about the 
initial line we may divide the revolving area up into 
infinitesimal sectorial elements such as OPQ, whose 
area may be denoted to first order infinitesimals by 
\rHQ, Being ultimately a triangular element, its 
centroid is f of the way from along its median, and 
in a complete revolution the centroid travels a distance 
27r(f r sin &) or ^irv sin ft 




fig. 45. 

Thus by Guldin's first theorem the volume traced 
by the revolution of this element is 
ir^^e.^Trrsine 
to first order infinitesimals, and therefore the volume 
traced by the revolution of the whole area 0^15 is 

fTrfr^sinecift 

161. If we put 

a; = rcos0, y = rsin0, and ^=tan0, 
we have r^sin 0S0 = r^in 0(5(tan " H) 

= r»sin e . .r^=7^Q.m^et St=-ofit St, 
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and the volume may therefore be expressed as 



fTTJajs^d^. 



EXAMPLES. 

1. Find by integration the volume and surface of the right 
circular cone formed by the revolution of a right-angled triangle 
about a side which contains the right angle. 

2. Determine the entire volume of the ellipsoid which is 
generated by the revolution of an ellipse around its axis major. 

[L C. S., 1887.] 

3. Prove that the volume of the solid generated by the 
revolution of an ellipse round its minor axis, is a mean pro- 
portional between those generated by the revolution of the 
ellipse and of the auxiliary circle round the major axis. 

[I. 0. S., 1881.] 
4 Prove that the surface of the prolate spheroid formed by 
the revolution of an ellipse of eccentricity e about its major 
axis is equal to 

2 . area of ellipse . isfT^^ + !5L^|. 

Prove also that of all prolate spheroids formed by the revolu- 
tion of an ellipse of given area, the sphere has the greatest 
surface. [I. C. S., 1891.] 

5. Find the volume of the solid produced by the revolution of 

the loop of the curve y^— ^_Jl_ about the axis of x. 
a—x 

[I. C. S., 1892.] 

6. Find the surface and volume of the reel formed by the 
revolution of the cycloid round a tangent at the vertex 



ra?=a^H-asin^,\ 
\y=a(l-cos d\j 



7. Show that the volume of the solid formed by the revolu- 
tion of the cissoid y2(2a— ^)=^ about its asymptote is equal 
to 27r2a3. [Trinitt, 1886.] 

8. Find the volume of the solid formed by the revolution of 
the curve {a-x)y^=a^x about its asymptote. [L C. S., 1883.] 

9. If the curve r=a+hco^6 revolve about the initial line, 
show that the volume generated is ^Tra{a?+lP) provided a be 
greater than 6. [a, 1884.] 
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10. Find the volume of the solid formed by the revolution 
about the prime radius of the loop of the curve f^=a^6co^6 

between ^=0 and 0=^- ^/^ iooat 

2 [Oxford, 1890.] 

11. Show that if the area lying within the cardioide 

r=2a(H-cos^, 
and without the parabola r(H-cos^)=2a, revolves about the 
initial line, the volume generated is 187ra^ [Trinitt, 1892.] 

12. The loop of the curve 2flw2=^a?-a)2 revolves about the 
straight line y—a. Find the volume of the solid generated. 

[Oxford, 1890.] 

13. Show that the coordinates of the centroid of the sectorial 
area of r=f{6) bounded by the vectors ^=a, ^=/?, has for its 
coordinates 

f f'^rScos Odd ij^r^Bin Odd 



j^r-dO ' '" / 



^^r^dS 



14. Show that the centroid of the cardioide r=a(l -cos 0) is 
on the initial line at a distance -^ from the origin. 

15. If the cardioide r=a(l-cos^) revolve round the line 
p=r cos(^— y), prove that the volume generated is 

Zpir^a^+^Tr^a^coa y, [St. John's, 1882.] 

16. The curve r=a(l -ccos 6\ where e is very small, revolves 
about a tangent parallel to the initial line. Prove that the 
volume of the solid thus generated is approximately 

27r2a3(l + e2). [i. c. S., 1892.] 

17. The lemniscate r^—a^o&26 revolves about a tangent at 
the pole. Show that the volume generated is - — 



CHAPTER XII. 

SURFACE INTEGRALS. 

SECOND-ORDER ELEMENTS OF AREA. 

MISCELLANEOUS APPLICATIONS. 

162. Use of Second Order Infinitesimals as Ele- 
ments of Area. 

For many purposes it is found necessary to use for 
our elements of area second order infinitesimals. 

163. Suppose, for instance, we desire to find the 
mass of the area bounded by a given curve, the aj-axis, 
and a pair of ordinates, when there is a distribution 
of surface-density over the area not uniform, but 
represented at any point by a'=^(x, y\ say, where 
(x, y) are the coordinates of the point in question. 

Let Ox, Oy be the coordinate axes, AB any arc of 
the curve whose equation is y=f(x); la, /(a)} and 
{byf{b)} the coordinates of the points J., B upon it; 
AJajid BK the ordinates of A and jB. Let P^f, QM 
be any contiguous ordinates of the curve, and x,x+8x 
the abscissae of the points P and Q. Let R, U be 
contiguous points on the ordinate of P whose ordinates 
are y, y+Sy, And we shall suppose Sx, Sy small 
quantities of the first order of smallness. 

Draw RS, UT, PF parallel to the aj-axis. Then the 
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area of the rectangle RSTU is Sx . Sy, and its mass 
may be regarded (to the second order of smalhiess) 
as <f)(x, y)Sx Sy. 

Then the mass of the strip PNMV may be written 

or in conformity with the notation of the Integral 
Calculus PC -| 

n<p(Xyy)dyjSx. 

between the limits y = and y=f(x). In performing 
this integration (with regard to y) a; is to be regarded 
as constant, for we are finding the limit of the sum of 
the masses of all elements in the elementary strip PM, 
i.e. the mass of the strip PM, 




If then we search for the mass of the area AJKB 
all such strips as the above must be summed which 
lie between the ordinates AJ, BK, and the result may 
be written ^ ^pr , ^ , n « 
Ltsx^ol'l U(aJ, y)dy \Sxy 

which may be written 



j[J0(^> y)dy^dxy 



the limits of the integration with regard to x being 
iromx = ato x = b. 
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Thus mass of area 

a 

<p(x,y)dydx. 

a 

164. NotatioxL 

This is often written 



(f>(x,y)dxdy, 



11 



the elements dx, dy being written in the reverse order. 
There is no uniformly accepted convention as to the 
order to be observed, but as the latter appears to be 
the more frequently used notation, we shall in the 
present volume adopt it and write 



II 



<t>(x,y)d^dy 



when we are to consider the first integration to be made 
with regard to y and the second with regard to x, and 



^^i>(x, y)dy dx 



when the first integration is with regard to x. That 
is to say, the right-hand element indicates the first 
integration. 

Ex. If the surface-density of a circular disc bounded by 
^+y2_^2 \yQ given to vary as the square of the distance from 
the y-axis, find the mass or the disc. 

Here we have fjux^ for the mass of the element 8a: 8t/y and its 
mass is therefore /JLa^SxSt/, and the whole mass will be 



/ I ficc^dxdy. 



The limits for y will be y=0 to y—tjo^—a?' for the positive 
quadrant, and for x from a?=0 to ^=a. The result must then 



198 



INTEGRAL CALCULUS. 



be multiplied by 4, for the distribution being synmietrical in 
the four quadrants the mass of the whole is K)ur times that of 
the first quadrant. 



Thus 



5=4/ / iia^dxdy 

=4ft/ ^ y dx 

\ O NM/ 



T O NM / 



Kg. 47. 
Putting a?=asin^ and da:=aco&0d6, we have 



1 
3=4/4a* / 



sin2^cos2^c;^ 



^ 2r(3) '^ 2.2 4 

166. Other Uses of Double Integrals. 

The same theorem may be used for many other 
purposes, of which we give a few illustrative examples, 
which may serve to indicate to the student the field 
of investigation now open to him. But our scope in 
the present work does not admit exhaustive treatment 
of the subjects introduced. 



DOUBLE INTEGRATION. 199 

Ex. Find the statical moment of a quadrant of the ellipse 

about the y-axis, the surface-density being supposed uniform. 

Here each element of area &p8y is to be multiplied by its 
surface density o- (which is by hypothesis constant in the case 
supposed) and by its distance a: from the y-axis, and the sum 
of such elementary quantities is to be found over the whole 
quadrant. The limits of the integration will be from y=0 to 

y=_Va*— ^ for y : and from x=0 to x—a for x. Thus we have 
a 

moment = / / a-xdxdy— — / XNa^—a^dx 



aL 3 Jo 3 ' 

166. Oentroids. Cartesians. 

The formulae proved in statics for the coordinates 
of the centroid oi a number of masses m^, mg, mg, . . . , 
at points (a^i, i/i), (x^, y^i etc., are 

^_ ^7rvx -_2my 

We may apply these to find the coordinates of the 
centroid of a given area. (See also Arts. 158, 159.) 

For if 0- be the surface-density at a given point, 
then 0- 8x Sy is the mass of the element, and 

^ _ I.((r Sx Sy)x 
^^I{crSxSy)' 
or, as it may be written when the limit is taken 
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Similarly y = 



\\(rdxdy 



the limits of inteffration being determined so that the 
summation will oe eflfected for the whole area in 
question. 

Find the centroid of the elliptic quadrant of the Example in 
Art. 165. 

It was proved there that the limit of the sum of the ele- 
mentary moments about the y-axis was ?^. 

3 

Also / /o'cZa?c?y= mass of the quadrant =^^^. 

Hence x^^l^^^^, 

3/4 3ir 

Similarly V—^- 

37r 



167. Moments of Inertia. 

When every element of mass is multiplied by the 
square of its distance from a given line, the limit of 
the sum of such products is called the Moment of 
Inertia with regard to the line. 

Such quantities are of great importance in Dynamics. 

Ex. Find the moment of inertia of the portion of the para- 
bola y^=^x bounded by the axis and the latus rectum, about 
the 4;-axis supposing the surface-density at each point to vary 
as the Tith power of the abscissa. 

Here the element of mass is 

ft being a constant, and the moment of inertia is 

Lt^fii/^af^Sa; 81/ or fil ly'^x^dxdy^ 
where the limits for y are from to 2^ ax, and for x from to a. 
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We thus get 



X 

" - JO 




Mom. In.=|/"[2^]]^^(ir = ^/"8aV^*(^ 



3 Ln+jJo 3(2w+5) 
Again, the mass of this portion of the parabola is given by 

nWax far ~|2VS 







'^ J 2n+Z 





Thus we have Mom. In. about 0^7=^ ?!?±|i/a2. 

3 271+6 



EXAMPLES. 

1. In the first quadrant of the circle ai^+y^^a^ the surface 
density varies at each point as anf. Find 

(i.^ the mass of the quadrant, 
(ii.) its centre of gravity, 
(iiL) its moment of inertia about the a;-axis. 

2. Work out the corresponding results for the portion of the 
parabola tf^=4cuc bounded by the axis and the latus rectum, the 
surface-density varying as a^i/^, 

3. Find the centroid of a rod of which the line-density varies 
as the distance from one end. 

Find also the moments of inertia of this rod about each end 
and about the middle point. 

4 Find the centroid of the triangle bounded by the lines 
y=mxy x=a, and the a?-axis, when the surface-density at each 
point varies as the square of the distance from the origin. 

Also the moment of inertia about the y-axis. 

168. Polar Cnrve. Second-order Element. 

For polar curves it is desirable to use for our element 
of area a second-order infinitesimal of different form. 

Let OPy OQ be two contiguous radii vectores of the 
curve r=f(d); Ox the initial line. Let 6, 6+ SO be 
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the angular coordinates of P and Q, Draw two cir- 
cular arcs R U, ST, with centre and radii r and r+Sr 
respectively, and let SO and Sr be small quantities of 
the first order. Then 

area RSTU=&ectoT OST-sector ORU 

=^h(r+sryse-i7^8e 

= r 86 Sr to the second order, 

and to this order R8TU may therefore be considered 
a rectangle of sides Sr (R8) and rS6 (arc RU). 




Fig. 48. 



Thus if the surface-density at each point R(r, 6) is 
a- = 0(r, 6), the mass of the element RSTU is (to second- 
order quantities or SO Sr, and the mass of the sector 
is therefore 

Lts,U^(TrSr]Se, 

the summation being for all elements from r=0 to 

ardr ISO, 



in which integration is to be regarded as constant, 
and taking the limit of the sum of the sectors for 
infinitesimal values of SO between any specified radii 
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vectores 0-4(0= a) and OB(0=/3) we get the mass of 
the sectorial area OAB 

a 

or as we have agreed to write it (Art. 164), 

(rrdOdr, 

a 

Ex. Find the mass of a circle for which the surface-density 
at each point varies as the distance of that point from a point 
on the circumference. 

Taking as the origin, and the diameter through as the. 
initial Ime, and a as the radius, the equation of the curve is 
r=2acos^. 

Then we have density at R (r, $) is ur, and mass of element 
RSTUiafjurirSSBr). 




Fig. 49. 
The mass of the sector is therefore 

the integration with regard to r being between limits 
OR^O and 0R=^ OP = 2a cob 0. 
And if these sectors be summed for the whole circle, we 
have 



3=2 f rp** fjur^drldS 
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or (Art 164) =2 T P"" its^dB dr 



169. OentroicL Polars. 

The distance of the centroid of a sectorial area from 
any line may be found as before by finding the sum 
of the moments of the elementary masses about that 
line and dividing by the sum of the masses. 

Thus (rrSOSrh&ing the element of mass and rcosO 
its abscissa, its moment about the ^-axis is 

I IrcosS. err cWdr 
Thus x=- 



and similarly 3^ = 



I Ir sin 0.(7?' cZ^dr 

"II 



crrdOdr 



Ex. 1. Find the centroid of the upper half of the circle in 
the example of Art. 168. 
We established the result for that semi-circle that 

f f(rrdedr=^fia^ 

Also between the limits r=0 and r=2acos ^ for r, and ^=0 to 

f frcoaOirrdedr^ r IX ooae^^T"" dd 






16 ' 
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and I jram6(rrd6dr= I /a sin ^ — dO 



s^fjLOl^j si] 



sin^cos*^c?^ 

'0 






- 4 1 /16 , 9a 



Ex. 2. Find the centroid of the area bounded by the 
cardioide r=a(l+cos^), the surface-density being uniform. 




Fig. 6a 

The centroid is evidently on the initial line. To find its 
abscissa we have 

/ jrcoaO rdOdr 



// 



rd$dr 



the limits for r being from r=0 to r=a(l+cos^), and for 
from to TT (and double, to take in the lower half). 



"|o(l+oos $) 



The numerator =2 / o cos^c?^ 



=|a3 /"'(cos ^+3 cos2^+3cos3^+cos*^)ef^ 
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=|o3/ {Scoa^O+cos*0)de 

=la3/3.1.E+3.1.ir\ 
3 \ 2 2^4 2 2/ 

3 4 4 4 
Thedenommator=2 rrgl"^+*" '^^ 



= a^r^ +2 cos ^+cos2^^ 

Hence x = -wa^ I -ira^ = -a. 

Ex. 3. In a circle the surface-density varies as the nth power 
of the distance from a point on the circumference. Find the 
moment of inertia of the area about an axis through perpen- 
dicular to the plane of the circle. 

Here, taking for origin and the diameter for initial line, the 
bounding curve is r=2acos 0, a being the radiua The density 

Hence the mass of the element rS^Sr is /xr"+^8^5r, and its 
moment of inertia about the specified axis is /ir**+*8d 8r. 
Hence the moment of inertia of the disc is 



f ffir^'+^dOdr 



where the limits for r are to 2a cos 0, and for ^, to ^ (and 
double). 2 

Thus Mom. Inertia=2 r^i^^^^^^dO 
Jo ^+4, 

=J/f_(2a)«-w rcoB^-^OdO 
n+4 J 





n+4 w + 4j 
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Again, the mass of the disc is 

/•T r2a COB 6 

M=2 / iM^-^Hddr 



n+2 J 



(2)1 



Hence Mom. Inertia =4 (^t^)(^,t^W . 



EXAMPLES. 

1. Find the centroid of the sector of a circle 
(a^ when the surface-density is uniform, 

(/?) when the surface-density varies as the distance from 
the centre. 

2. Find the centroid of a circle whose surface-density varies 
as the nth power of the distance from a point on the circum- 
ference. 

Also its moments of inertia 

about the tangent at 0, 
about the diameter through 0, 

3. Show that the moment of inertia of the triangle of uniform 
surface-density bounded by the y-axis and the lines y=mia?-|-Ci, 
7/=m^+C2, about the y-axis, is 

3 Kmi—m^J 
where M is the mass of the triangle. 

4. Find the moments of inertia of the triangle of uniform 
surface-density bounded by the lines 

^=mix+c^ y^m^'\'C^ y^m^+c^, 
about the coordinate axes ; and show that if M be the mass of 

the triangle, they are the same as those of equal masses — 
placed at the mid-points of the sides. ^ 

5. Show that the moments of inertia of a uniform ellipse 
bounded by -g+l^ = 1 about the major and minor axes are 

respectively —r- and — — , and about a line through the centre 

and perpendicular to its plane, -3/^—^ — , M being the 
of the ellipse. ^ 
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s 



6. Find the area between the circles r=^a, r=2acos^; and 
assuming a surface-density varying inversely as the distance 
from the pole, find 

the centroid, 

the moment of inertia about a line through the pole 
perpendicular to the plane. 

7. Find for the area included between the curves 

(1) the coordinates of its centroid (assuming a uniform 

surface-density), 
^2^ the moment of inertia about the ^-axis, 
(3) the volume formed when this area revolves about the 

:r-axis. 

8. Find the moment of inertia of the lemniscate f^=a^Qo^W 
about a line through the pole perpendicular to its plane 

for a uniform surface-density, 

for a surface-density varying as the square of the 
distance from the pole. 

9. Find 

(1) the coordinates of the centroid of the area of the cycloid 

^=a(^+sin^), y=a(l — cos^); 

(2) the volume formed by its revolution 

{d\ about the base (y=2a), 

ShS about the axis (^=0), 
c) about the tangent at the vertex. 



ELEMENTARY DIFFERENTIAL 
EQUATIONS. 
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CHAPTER XIIL 

DIFFEEENTIAL EQUATIONS OF THE FIRST 
ORDER. 

VARIABLES SEPARABLE. LINEAR EQUATIONS. 

170. It is proposed to add a brief account of the 
common methods of solution of the more ordinary- 
forms of differential equations leading up to such 
as are required by the student in his reading of 
Analytical Statics, Dynamics of a Particle, and the 
elementary portions of Rigid Dynamics. 

We shaU not enter at all upon the solution of 
differential equations involving partial differential 
coefficients. 

171. Oenesis of a Differential Equation. 

Let us examine for a moment how the " ordinary " 
differential equation is formed, and what kind of 
result we are to expect as its " solution." 

Any equation, such as 

/(aj,i/,a) = 0, (1) 

in which the form of the function is known, is repre- 
sentative of a certain family of curves, for each indi- 
vidual of which the constant a receives a particular 
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and detinite value, the same for the same curve but 
different for different curves of the family. 

Problems frequently occur in which it is necessary 
to treat the whole family of curves together, as, for 
instance, in finding another family of curves, each 
member of which intersects each member of the former 
set at a given angle, say a right angle. And it will be 
manifest that for such operations, the particularizing 
letter a ought not to appear as a constant in the 
functions to be operated upon, or we should be treat- 
ing one individual curve of the system instead of the 
whole family collectively. 

Now a may be got rid of thus : — 

Solve for a ; we then put the equation into the form 

<t>{x,y) = a, (2) 

and upon differentiation with regard to a;, a goes out, 
and an equation involving x, y and y^, replaces 
equation (1). 

This is then the differential equation to the family 
of curves, of which equation (1) is the typical equation 
of a member. 

In the formation of the differential equation it may 
be impracticable to solve for the constant. In this 
case we differentiate the equation 

f{x,y,a)=0 (1) 

with respect to x and obtain 

and then eliminate a between equations (1) and (3), 
thus obtaining a relation between x, y, and y^, which 
is true for the whole family. 

For example, consider the family of straight lines obtained by- 
giving special values to the arbitrary constant in the equation 

1/ = mx. 
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Solving for m, ^=m, 

X 

and differentiating, ^^~^=0, 

or y=^j^i. 

Otherwise, without first solving for m, we have 

and therefore y — xy^ 

This then is the differential equation of all straight lines 
passing through the origin, and expresses the obvious geometri- 
cal fact that the direction of the straight line is the same as that 
of the vector from the origin at all points of the same line. 

172. Again, suppose the representative equation of 
the family of curves to be 

/(a;,2/,a,6) = 0, (1) 

containing two arbitrary constants a, h whose values 
particularize the several members of the family. A 
single differentiation with regard to x will result in 
a relation connecting x, y, y^, a, 6 ; say 

0(^> 2/> 2/p «> &) = (2) 

If we differentiate again with regard to aj we shall 
obtain a relation connecting x, y, y^, y^, a, b ; say 

^{^y yy Vv 2/2> «> b) = 0, (3) 

and from these three equations a and b may theoreti- 
cally be eliminated (if they have not already dis- 
appeared by the process of differentiation), and there 
will result a relation connecting x, y, y^, y^ ; say 

the differential equation of the family. 

173. Order of an Equation. 

We define the order of a differential equation to be 
the order of the highest differential coefficient occurring 
in it ; and we have seen that if an equation between 
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two unknowns contains one arbitrary constant the 
result of eliminating that constant is a differential 
equation of the first order; and if it contain two 
arbitrary constante the result is a differential equation 
of the second order. And our argument is general : 
so that to eliminate n arbitrary constants we shall 
have to proceed to n differentiations, and the result is 
a differential equation connecting x, y, y^, "-.yn^ and 
is therefore of the nth order. 

Ex. 1. Eliminate a and c from the equation a^-^-y^—'^ax-^-c. 

Differentiating, ^+yy\— «. 

Differentiating again, \-\-y^+yyz=0^ 
and the constants having disappeared we have obtained as their 
eliminant a differential equation of the second order (yg being 
the highest differential coefficient involved), which belongs to afl 
circles whose centres lie on the ^-axis. 

Ex. 2. Form the differential equation of all central conies 
whose axes coincide with the axes of coordinates. 

Here the typical equation of a member of this family of 
conies is 

and we have Ax + Byy^ = 

and A+B{2fi^+yy2)^0, 

whence %i^+yy2)-yyi=0 

is the differential equation sought. 

174. Elimination an irreversible process. 

Now this process of elimination is not in general a 
reversible process, and when we wish to discover the 
typical equation of a member of a family of curves 
when the differential equation is given, we are com- 
pelled to fall back, as in the case of integration, upon 
a set of standard cases, and many equations may arise 
which are not solvable at all. 

We may infer, however, that in attempting to solve 
a differential equation of the n\h order we are to 
search for an algebraical relation between a;, y, and n 
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arbitrary constants, such that when these constants 
are eliminated the given differential equation will 
result. Such a solution is regarded as the most 
general solution obtainable. 

Differential Equations of the First Order. 

175. There are five standard forms. 

Case I. Variables Separable. 

All equations in which it is possible to get dx and 
all the aj's to one side, and dy and all the j/'s to the 
other, come under this head, and solve immediately 
by integration. 

Ex. 1. Thus if secy=sec^-^, 

we have cos xdx= cos y dy, 

and integrating, sin a? = sin y + il, 

a relation containing one arbitrary constant A. 

Ex.2. If ^=^^^, 

•we have {x + - \dx={;y^+y)dy, 



2^ 
containing one arbitrary constant A, 



and therefore +log^==^4.^+^, 



EXAMPLES. 

Solve the following differential equations : — 
1. xco^dx=yco^^xdy, v^ 

2 dy^ a^+x+l ^ dy ^ y^-\-y + l _^ 

dx y^+y+l' ' dx x^+x+l 

4. Show that every member of the family of curves in Ex. 3 
cuts every member of the set in Ex. 2 at right angles. 

5. ^y^=W(i+^+^). 6. ^^e^-p+a^e-^. , 

^ dx l+x^ dx ' 
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7. Show that all curves for which the square of the normal is 
equal to the square of the radius vector are either circles or 
rectaugular hyperbolae. 

8. Show that a curve for which the tangent at each point 
makes a constant angle (a) with the radius vector can belong to 
no other class than r=Ae^'^^, 

9. Find the equations of the curves for which 

^1) the Cartesian subtangent is constant, 
(2) the Cartesian subnormal is constant, 
(3^ the Polar subtangent is constant, 
(4) the Polar subnormal is constant. 

10. Find the Cartesian equation of the curve for which the 
tangent is of constant length. 

176. Case II Linear Equations. 
[Def. An equation of the form 

when P,Q, .,., K, R are functions of x or constants is 
said to be linear. Its peculiarity lies in the fact that 
no differential coefficient occurs raised to a power 
higher than the j5rst.] 

As we are now discussing equations of the first 
order, we are limited for the present to the case 

yi+Py==Q- 

*fPdx 

If this be multiplied throughout by &' it will be 
seen that we may write it 

Thus ye^'''^:=^Qe^''^dx+A, 

a relation between x and y satisfying the given 
differential equation, and containing an arbitrary 
constant. It is therefore the solution required. 

The factor e*' which rendered the left-hand mem- 
ber of the equation a perfect differential coefficient is 
called an " integrating factor." 
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Ex. 1. Integrate yi 4-^=^. 

Here c^* or e^ is an integrating factor, and the equation 
mav be written 

or 2/^^=e^+A,. 

i.e, y=l-\-Ae ^, 

Ex, 2. Integrate ^+iy=:r2. 
ax X 

fldx 

Here the integrating factor is e * =6i<«*=^, and the equation 
may be written 

x^ 
and xy=—+A^ 

or y=: +_. 

177. Equations reducible to linear form. 

Many equations, if not immediately of the linear 
form 

may be immediately reduced to it by change of the 
variables. 

One of the most important cases is that of the 
equation 

or y-^^+Py-^-^'^Q^ 

Putting y^'J'=^y 
we have y ~ ^dy = ^, 
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or ^^+(\-n)Pz=Q{\-n), 



which is linear, and its solution is 



Ex. 1. Integrate ^+l=y\ 



Here 


r^^-^- 


or putting 


dz z , 
d^ ~x~ '' 




and the integrating 


factor being 




.-^.-..-.4 


we have 


d(z\ 1 

dxVxr'io' 


i.e. 


f=logl+^ 

X ^ X 


Le, 


-=Ax-x\ogx. 

y 



Ex. 2. Integrate the equation -Jl+xsm 2y=a^co^h^. 

CLX 

Dividing by cos^^ we liave 

sec^-^ + 2^ tan y^a?. 

Putting tany=2, 

we have ~-\-'^z—a^. 

dx 

and the integratiug factor is p''^^ or e**, giving 

2^= fx^e^'dx+A. 
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Let 

then 


5^2 = 0), 


so that 


ja^^cb;=ija>e^d(D 


Thus 


=^«(a)-l). 
ta.ni/.e^==i^(a^^l)+A 



is the solution of the given equation. 

It will be obvious that for examples of this kind 
considerable ingenuity may be called into play in 
order to effect the reduction to the linear (or other 
known) form. 

EXAMPLES. 

Integrate the equations 

ax dy y ^ 

2. ^+ay=sin6^. 5. (l + y2) _j.(^_g-un-iy)#^0. 

dd 6 \ V^ ^xJdy, 

7. Show that no greater generality is obtained in the solution 
of Art. 176 by adding a constant to the index in obtaining the 

integrating factor er 

8. Find the curves for which the Cartesian subnormal varies 
as the square of the radius vector. 

Integrate the equations 

ax X or dx X x^ dx 

12. -f--\ — tany=-2tany^iny. [Puty=sin-*^.] 
ax X <3/ 

! 13. j+il0g.=^(l0g.)2. [Put. = e-.] 

14. ^+%P=^e<«.-iK [Put 2= logy.] 

L 15. Find the curves for which the sum of the reciprocals of 
jbhe radius vector and the polar subtangent is constant. 



i... 
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16. Find the polar equation of the family of curves for which 
the sum of the radius vector and the polar subnormal varies as 
the nth. power of the radius vector. 

17. Show that the curves for which the radius of curvature 
varies as the square of the perpendicular upon the normal 

belong to the class whose pedal equation is ^^-p^=^+^f^+A^Pj 
h being a given constant and A arbitrary. ^ ^^ 

18. Integrate the equations 

(^>l'^rJ (3) |-^V=(,^.^3ec,. 

(2) gH-a=«-»sin6.. (4)g-/g><^'(^)=*^> 



CHAPTER XIV. 

EQUATIONS OF THE FIRST ORDER- Continued. 

HOMOGENEOUS EQUATIONS. ONE LETTER ABSENT. 
CLAIRAUT'S FORM. 

178. Case III Homogeneous Equations. 

Equations homogeneous in x and y may be written 

(a) In this case we solve if possible for -,-, and 
obtain a result of the form 

dx ^\x/' 
Putting y = vx, 

we obtain V+oo-^- =<f>(v), 



or 



dv dx 



(f>{v)—v X ' 

and the variables are separated and the solution thus 
comes under Case I., giving as result 



'^^^"=l0(fb- 
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(b) But if it be inconvenient or impracticable to 

solve for -^, we solve for -, and write p for -^, and 
dx' X ^ dx 

we have 

y=x<p(p) (1) 

Differentiating with respect to x, 

or dx^ <l>Xp)dp 

X p-^(py 

Integrating this equation we have x expressed as a 
function of p and an arbitrary constant 

u4aj=F(p)(say) (2) 

Eliminating p between equations (1) and (2) we 
obtain the solution required. 

Ex. 1. Solve (x^+f)^=:x^. 



Here 


dx ^+y2' 


and putting 


1/=VX, 






or 


dv 'i^ . 
dx 1+v^' 


.-. 


?=-(^->. 


or 


1 \ogAx=-^^-\ogvr^^:^^ 


or 


Ay^^, 


Ex. 2. Suppose 


the equation to be 




X dx \dxj ' 


ue. 


y=x{p+p^). 
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Then i>=CP+J»^)+^l+2p)^, 



giving log -4^7 + 2 log jo - - =^ 0, 

P 
1 
i.e. Axj^=e^ ; 

and the jo-eliminant between 



..- "if 



and Axp^ 

is the solution sought. 
This eliminant is 

'•HT(-'*V^')'}-i{^'*V*?-1- 

But when it is algebraically impossible to perform the 
elimination of jo, or when, if performed, the result will be 
manifestly unwieldy, it is customary to leave the two equations 
containing p unaltered, and to regard them as simultaneous 
equations whose jo-eliminant if found would be the required 
solution. 

EXAMPLES. 

Solve the differential equations 

1. ^y- ^ 

dx x-\-y 

2. (3a?+4^)=(5^+6y)^. 
dx 



3. x^^y\ 
dx 



4-Hf-(l)')- 
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179. A Special Case. 

The equation -?-=—, — . -j . , is readily reduced to 
^ ax ax+by+c ^ 

the homogeneous form thus : — 

Put a?=f+A, 

TVi ^^ — a^+ 6jy + {ah + 6A; + c) 

men ^- ^'^+ 6'i7+(VA+6'A:+c'y 

Now choose A, Aj so that ' I 

., . A ^ 1 

^.e. so that ^-^ — =y- = — ? — — = -^^7 t^-. 

hd — 6 c ca — ca ab —ah 

di a^+bfj 
This equation being homogeneous we may now 
put rj = v^, and the variables are separable as before 
shown. 

180. There is one case, however, in which h, k 
cannot be chosen as above, viz., when 

a _b c 

Zy ~~ Ty "^ v' 

a c 

/ 

Now let — =m and ax+by = ri. 



/< ,, , dfj , rj + C 

• -SO that -^' — a = & 



or 



dx " mrj+c'* 

dtj _ (am + b)rj+ac'+bc 
dx~~ rrifj+c ' 



and dx = —j-z — ; f , u dtj. 

(am +o)fj+ac +bc 
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The variables being now separated, the integration 
may be at once performed. 

181. One other case is worthy of notice, viz., 
dy ^ ax+hy+c, 
dx -hx+Vy.+c'' 
when the coefficient of y in the numerator is equal to 
that of X in the denominator with the opposite sign. 
For then we may write the equation thus 
{dX + c)cfe + b(ydx + x dy) = Q/y + c')dy 
an " exa<5t " differential equation ; the integral being 

ax^ + 2cx + 26icy = h'y^ + 2c' y +A, 
A being the arbitrary constant. 

Ex.l. Integrate ^=?^±33^^. 

® dx X+7/-3 "V 

Put x=^+hy 2/=rj+k, so that 

dr}_ 2^+Zrf+{2h+-3k-8) 

Choose k and k so that 

2h+3k^8^0A .^ ^^j j^ 
h+ /?-3=0,J 

then ^^2|+3^ 

d^ I+t; 
Now put r;=v^, then 

d^ ^ l+v~ v + l * 
-l^^^l dv 

r v-i I ( 1 1 \"|^ 

... -log,=llog{(.-l)^-3}+^log^-^^+^, 

where |=a:-l and v—^ — -. 

x-l 

E.I.C. P 
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Ex.2. Integrate ^=-^±^. 
dx x-\-y-\ 

Let x+y^ri, then 

dx t;— 1 iy-l' 

and d:a?=^::l<ii7=iri---i--1rfi7, 

2ry-l ' 2L 27/- 1 J " 

.-. ^=ii7-ilog(2ry-l)+J, 
where r)=x+y, * 

BXAMFT.TO. 

Integrate the equations : 

, di/_2x+32/ A dy cbx + hy-a 
dx~~^-\-2y' dx~~ hx + ay - h' 

n1 2. dy^ x-Jr^y-Z ^ dy^ x-hy+l 
dx 2x+y-S ' dx x+y-l' 

2 d^^2x+y-2 g dy^ x+y+l 
' dx 3^+^-3* ' dx 2^+2y + l' 

7. (2^4-3^-5)^ + 34:+2^-6=0. 
dx 

^ 8 (2^4-3^-6)^+2^+3?/- 1=0. 

9. Show that a particle x, y which moves so that 

^^=ax+hy+g, 

J=-(A^+63^+A 

will always lie upon a conic section. 

10. Show that solutions of the general homogeneous equa- 
tion /(2, ^) must always represent families of similar 

\x dx) 

curves. 

11. Show that solutions of /f^, ^\ are homogeneous in Xy 

y and some power of a single constant, and conversely that if 
the typical equation of a member of a family of curves be homo- 
geneous in x^ y and some power of one constant, the differential 
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equation of the family is homogeneous and the family consists 
of similar curves. 

12. State which of the following families of curves are similar 
sets : — 

(1) y^^^ax, (4) y=2a31og4. 

(2) y=acosh-. (5) h tan-^^=a+y. 

a X 

for different values of a and h. 

182. Case IY. One letter absent. 

X absent. 

A. Suppose X absent from the differential equation, 
which then takes the form 



h- D-o. 



we now solve for-^^ or y, as may be most convenient. 

(i.) If we solve for -^ we throw the equation into 
the form 

The. <fc-^, 

and the integral is 

(ii.) If this be inconvenient or impossible we may 
solve for y and obtain y = <t^), where p stands as 

before for-/. 
dx 
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Differentiate with regard to x, i,e. the absent letter. 
The P='>'(P^il' 

and dx=^^^<h>. 

P ^ 

Thus x=^^^p+A. 

After the integration is performed we eliminate p 
between this equation and y = <l>(p) and the solution 
of the given equation is obtained. 

183. y absent. 

B. Suppose y absent from the differential equation, 
which then takes the form 

Since -^^ = -7- this may be written. 
dy 

and therefore if y be regarded as the independent 

variable the foregoing remarks apply to this case also. 

Thus 

doc 
(i.) if convenient we solve for -j- , and obtain a 

result of the form ^ 

dx . . 

dx 

and the integral is 

"do; . 



y=\-4 
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(ii.) But if this solution for -^ be inconvenient or 

dy 

impossible we solve for x and obtain a result of the 

doc 
form x = (f)(q) where q stands for -y- Then differen- 
tiating with regard to y, the absent tetter, 

Thus dy = ^^dq, 

and y = ^&dq+A. 

After the integration we eliminate q between this 
equation and x=^(f>{q), and the solution of the given 
equation is obtained. 

The student should note that in either case, x absent 

or y absent, we solve for -^ by preference if possible. 

But when this is impossible or inconvenient we solve 
for the remaining letter and differentiate with regard 
to the absent one; thus considering the absent letter 
in either case as the independent variable. 

Ex. 1. Integrate the equation l-t-a^-ir^=0. 

^^'•^ |=rf^' ''^=(-+>. 

and y=--+log^ + ^ 

Ji 

is the solution. 
E... 8olve.|=,^(|y. 

Then x=q->t\ 

, dx 

where fi'^:?-* 

dy 



-(-^')l' 



^-1_1 
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Then differentiating with regard to the abtetit letter y, 

qydy' 

d~q~q''if 

and y = log$'+^+^ 

and the ^-eliminant between this equation and the original 
equation x=q-k--\B the solution required. 

EXAMPLES. 

Solve the equations : 

2.f=x + l .&y=8in(^)-^co8(tV 

ax X \ax/ ax \dxj 

4. (2ax + x')^^a^+2ax. ^ 8. x(^Y=A+£^. 
dx \dxJ dx 

184. Case V. CJlairaut's Form, y=«^+/(^)- 

Writing p for -^ we have 

y=p(iR+f(p). (1) 

Differentiating with regard to x, 

or («+/<?)) J-0 (2) 

whence either -7^=0 or x+f{'p) = 0. 
Now ^ = gives p = G a, constant. 
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Thus y = Gx+f{C) is a solution of the given differ- 
ential equation containing an arbitrary constant G. 
Again, if p be found as a function of x from the 

equation ^+/(p) = (3) 

equation (2) will still be satisfied, and if this value of 
p be substituted in equation (1), or which is the same 
thing, if p be eliminated between equations (1) and (3) 
we shall obtain a relation between y and x which also 
satisfies the differential equation 
Now to eliminate p between 

y='px+f{p)\ 
0= x+f{p)f 

is the same as to eliminate G between 

y = Gx+f{G)\ 
, 0= x+f{G)) 

i.e. the same as the process of finding the envelope of 
the line y = Gx+f(G) for different values of G. 
There are therefore two classes of solutions, viz. : 

(1) The linear solution, called the " complete primi- 

tive," containing an arbitrary constant. 

(2) The envelope or " singular solution " containing 

no arbitrary constant and not derivable from 
the complete primitive by putting any 
particular numerical value for the constant 
in that solution. 

The geometrical relation between these two solu- 
tions is that of a family of lines and their envelope. 

It is beyond the scope of this book to discuss fully 
the theory of singular solutions, and the student is 
referred to larger treatises for further information 
upon the subject. 
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Ex. Solve y^px'\-~. 
P 
By Clairaut's rule the complete primitive is 

^ m 

and the envelope or singular solution is the result of eliminating 
m between the above equation and 

0=0? 5. 

t.e, y*=4<w7. 

The student will at once recognize in the singular solution 
7/^=4aa; the equation to a parabola, and in the complete primi- 
tive y=ma7+— the well known equation of a tangent to the 
m 

parabola. 

BXAMPLTW, 

Write down the complete primitive, and find the envelope 
solution in each of the following cases : — 

^ 1. 2/=P^+P^- 4. y =px + ^a^^ + 6^. 

^ 2. y =px -hp^' 5. y—ix— dyp —pK 

3. y^px+p"*, 6. (y-pxXp-l)=p. 

185. The equation 

y=X(l)(p)+\fr{p), (1) 

may be solved by differentiating with regard to x, 
and then considering p as the independent variable. 
For differentiating, we have 

whence ^ +x -"^M_= _ -'^^M. 

dp <p{p)-v ^p)-p' 

which is linear, the solution being 

J<IKs»-P=^\jtm^J-Hl')-Pdp + A (2) 

i<p(p)-p 
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If now p be eliminated between equations (1) and 
(2), the complete primitive of the original equation 
will result. 

Ex. Solve y^^px+p^ (1) 

We have »=2» 4- 2a?^+ 2»^, 

dx ax 

or . »-^+2^=-2», 

d/p 
/ \ 

giving p^x= "^p^-A (2) 

The j^eliniinant from these two equations may now be found 

by solving equation (1) for p, and substituting in equation (2). 

But if it be an object to present the result in rational form, we 

may proceed thus : — 

By equation (2) 2p^ + 3p^x + 3-4=0,^ 

from (1) p^ + 2p^x -py = 0. / 

Hence p^x - '^py - 3^ = 0. 

And by cross-multiplication between this equation and 

£2 _ p 1_ 

2y2+6^i xy-ZA 2x^+2y' 
giving as the eliminant 

4{y^+SAxXx^+y)-=(xy - ZAf. 

186. The algebraic process of eliminating p being 
in many cases difficult or impossible, the equations (1) 
and (2) are often regarded as simultaneous equations 
whose p-eliminant is the solution in question but the 
actual elimination not performed. 

EXAMPLES. 

Solve the equations : 

1. y=p^x+p. 5 3^ = («+*,nw+ 1 

2. y^axpArp\ ^ ^^^^ ^^>-i- 

3. y^p^-x^pK 6- y=2/?^+i?". 

4. y=(i?+i)>+-. ^' y=apx+hf. 
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8. The tangent at any point P of a curve meets the axis Oy in 
T^ and 07^ is proportional to the tangent of the inclination of 
PT'to the axis 0;r. Find the curve. [Oxfobd, 1888.] 

9. Find the differential equation of all curves which possess 
the property that the sum of the intercepts made by the tangent 
on the coordinate axes is constant. Obtain as the complete 
primitive the equation of the tangent, and as the singular solu- 
tion the curves in question. 

10. Obtain the curves for which the area of the triangle 
bounded by the axes and a tangent is constant. 

11. Form the differential equation of curves for which the 
length of the portion of the tangent intercepted between the 
coordinate axes is constant. Obtain and interpret the complete 
primitive and the singular solution. 

12. A curve satisfies the differential equation y^p\a;-p\ and 
also that^=0 when a!=\i determine its equation. 

[Oxford, 1889.] 
. 13. Find the complete primitive and singular solution of the 
equation 

^V~£)^''Y'^\£) ) ' [Oxford, 1890.] 

14 Show that by putting a^=s and y^=ty the equation 

Aa;yi/i^+{x^-Ay^-B)yi-'a:y=0 

is reduced to one of Clairaut's form. 

Hence write down its complete primitive and find its singular 
solution. Interpret the result. 



CHAPTER XV. 

DIFFEEENTIAL EQUATIONS OF THE SECOND 

ORDEK. 

EXACT DIFFERENTIAL EQUATIONS. 

187. Second Order EqnatioiL 

We next come to the consideration of the differential 
equation of the second order, 

0(^5, y, 2/1, 2/2)= 0. 

There is no general method of solution, but particular 
forms arise which present but little difficulty. 

. 188. Case I. Suppose the Equation linear. 

The typical form will be 

where P, Q, R are functions of x. 

The usual method is first to omit jR and try to 
obtain or guess a solution of 



^+4!+G.=o. 



dx^^^ dx 

Suppose y =J(x) to be such a solution. Put 
y =^A'^)- 



z,+ - 
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Then yi=zj(.x)+zf(x); 

Thus on substitution we get 

zj{x)+2zj\x)+zf{x) 
+Pz^f(x)+Pzfix) 

B\itf(x)+Pf(x)+Qf(x)=0 by hypothesis. Hence 

an equation which is linear for z^. 
The integrating factor is 

e/^'^^^>^" or {A.)}^/'", 
and the first integral is 

whence the second integral may be at once obtained 
and the solution effected. 

Ex. Solve ^^+a^^-:x^^a^e~^, 
cLci ax 

Here y^x makes -^'^^-j--^y—^' 

Cm/ CLX 



Put 


y^xz) 


then 


yi=xzi+z, 




y2=^%+2^- ^ 


Hence 


xz2 + 2zi+xXxzi+z)-x\xz)=^x^e^ 



«2+(|+^)%=^'^ ; 



and the integrating factor is e*'^* or x^e^. 
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Thus ±lz^x'^e^)=a^, 

and Zrpi^e^ =4-^ 

5 

-?? ^ _*? 
I.e. z^^\a^e *+^« *, 

whence 2= - Jg 4 + ^ / ^ *dx-\-By 

and the solution required is 

189. Case IL One letter absent. 

A. If 0? be absent, let yi=p, 

then ^2=^=^' 

and the equation 0(y, y^, 2/2) =0 
takes the form (f>\v, p^ p^j = 0, 

and is of the first order. 

B. If y be the letter absent, let 3/1=^?, 

and 0(aj, y^, t/g) becomes 

and again is of the first order. 

Ex. 1. Solve the equation ^^2+^1^=2^2. 

Here x is absent. So putting Vi^p and y^^P^^ we have 

ay 

^1+^2=2/, or |*+|p'=^y- 
The integrating factor is e*' y *' or y\ 

or ^?^2 --y4_|. constant =y* 4- a*, say. 
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Hence / ^ = dx, 

or 8inh-'^=2^+-4. 

i.e, y := a%inh(2a? + A\ 

Ex. 2. Solve 1 +y^=xy^yi. 

Here y is absent So putting yi—p^ 

or ?^= ^^ 

i.e, log ^ = log Vl+f?2 + constant, 

t.e. l+p2= say, 

or ady^Ja^ — a^dx^ 

giving c^=i^^ *^cosh-^f+6, 

A Z (I 

a and 6 being arbitrary constantsl 

EXAMPLES. 

Solve the following equations : — 
1. ^a = l. 6. y2+yi*+y=0. 

1 -*? 

3. \+y^^a^^. S. y^+xyi-y^te a. 

4. 9^2^=4^!. 9. yy2=yi^-yi, [Oxford, 1889.] 
6. ay2==0+yM 

10. Solve the equation (1 -'y^)^~2/(^) =^y^> having given 
that ^=0 when y =0. [Oxfobd, 1890.] 

11. Given that ^ is a value of y which satisfies the equation 

^logx- l)g-^2 log J?- 1) J+2y log^=0, 
find the complete solution. [I. 0. S., 1894.] 
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190. General Linear Equation. Removal of a 
Term. 

Let us next consider the more general equation 

where P^, P^, ... , Q are given functions of x. 
Putting y = vz, we have 

2/2 = '^H +^W^i + '^2^» etc.. 
whence 

n{n — l) 
1.2 

+ PlVZn- 1 +{n - l)PiViZn.2+ . . . +PiVn- 1^ 
+ P2V2?n-2 +...+P2'Vn-22? 



VZn + nViZn-l+ \ ^ ^ V^n-% +.'^+VnZ 



...+PnVz=Q: 

The coefficient of 2?n-i is ti-Vi+PiU 
If then V be chosen so that 

dv P.dx - 1 -^ 

— = * — or v=e J , 

V n 

the term involving Zn-\ will have been removed. 

Similarly, if 'y be so chosen as to satisfy the differ- 
ential equation 

the term containing 2;^- 2 will have been removed. 
The coefficient of ^2? is 

and if a value of v can be found or guessed which 
will make this expression vanish, we can, by writing 
01 = 1/, and therefore z^^ri^, etc., and 0„ = j;„-i, reduce 
the degree of the equation by unity. The student 
should notice that this expression is the same in 
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form as the left hand member of the given equation. 
Hence if any solution y = v can be found or guessed of 
the given equation when the right hand member is 
omitted, we can, by writing y = vz, and then z^ = fj, 
reduce the degree of the equation. 

191. Canonical Form. 

In the case of the equation of the second degree 

the substitution y = « " * ^^^"^^ 

will by what has been above stated reduce the given 

equation to the sometimes simpler form 

But the general solution of this equation has not been 
at present effected. 

"Exact" Differential Equation. 

192. When p is < g, ^^^r^ is an exact differential, 
and can be integrated whatever y may be. 

For denoting ^ by y^, 

\xPyqdx ^xPyg.^-- p\xP''^yg.-^dx, 

etc., 
jxyg.p+^ch =xyq^p-^yg.pdx=xyq,p-yq,p^^. 
Thus 

^xPy^x = xPyq.^-pxP-'^yg^^+p(P'-l)xP-^yq,^^.., 
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It will be noticed that when q =p or < p the in- 
tegration cannot be effected 

193. By aid of the above lemma we may often see 
quickly whether a given equation is "exact." For 
if all terms of the form x^yq in which p is <q he 
first removed, we can frequently tell at once by in- 
spection whether the remainder is a perfect differential 
coefficient or not. 

Ex. 472y5+a?'y4+4?yi+y=8inx 

Here, by the lemma, xh/^ and ^4 are perfect differential 
coefficients, and obviously xyi+y is the differential coefficient 
of xy. Hence a first integral of this differential equation is 
obviously 

a%4 - 2a?5^3+2y2+:r3y3- 3a7^a+^i^i - %+^= - cosa?+i4. 

194. A more General Test. 

A more general test for an "exact" differential 
^ equation may be established in the general case 

PoVn + PlVn- l+P2yn-2+ . . . +Pny = F, 

whatever forms the coefficients Pq, Pj, .. , P^, V may 
have, provided they be functions of x. 

For denoting differentiations by dashes, we have 
upon integration by parts 

jPnydx = ' ^Pnydx, 

\Pn-iyidx= Pn-iy-jP'n-iydx, 

\Pn^2y2dx= Pn^ 22/1 - Pn-2i/+ J P"n- 2?/ dx, 

JP^_8y3Cfe=Pn-3y2-P'n-8yi + Pn-8y-jP"«-3y^, 

etc. 
Hence upon addition it is obvious that if 

Pn — P^n-l + P^w-2— P^ n-3+"'=0, 
B. I. C. q 
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the given equation is exact; and that its first in- 
tegral is 



-|-(P^_3-...)y2+... = fFrfaJ+A. 



Ex. Is the equation ^3 + 1 ^^y^ + 364:^^1 + 24^7/ = sin x exact ? 
Applying the test, we have 

P3=24r, P2=36^2^ Pi=12^, Po==^> 
and P3-P2' + Pi"-/'o'"=24a:-72^+72^-24r=0, 

Thus the equation is exact ; and its first integral is 

(36a72-36a:2+i2^^+(12^_4^)^^^^^^_co8;r+^, 
or 12^ + 8^:5^1+^2= ~cos^+^. 

This again will be a perfect differential if 
12^-24^ + 120^=0, 
which is satisfied. Hence a second integral will be 

(8^ - 4r3)y + ^^ = - sin ;tr+ ^^+ 5, 
or 4:0^+0^^— -sin x+ Ax + By 

which may again be tested. But it is now obvious that the 
third and final integral is 

Ji^j =co^ a; ■\-^+Bx+ a 



EXAMPLES. 

1. Show that the equation 57*^3+15^,^2+^^^^1+60^=0* is 
exact, and solve it completely. 

2. Solve the equation 

4%3+6^2+6yi + 8i>^^5^3-3yi)+cosa<3y2--y)=sin;r. 

3. Write down first integrals of the following equations : — 

(a) ^4+^1+^=6*. 

Q>) ^y4+^i-y=^«'- 

{c) ^6+^5+^yi+^=log^- 

4. Show that if the equation P2^+Pi.yi + Poy2= T admits of 
an integrating factor /i, then /ut will satisfy the differential 
equation 



CHAPTER XVI 

GENERAL LINEAR DIFFERENTLUi EQUATION 
WITH CONSTANT COEFFICIENTS. 

195. General Linear Differential Equation. 

The form of the general linear differential equation 
of the nth order is 

where Pj, P^, Pj, ..., F are known functions of x. 
Let us suppose that any particular solution 

y=f(.^) 

can be guessed, or obtained in any manner. 
Then making the substitution 

y=f(pc)+z 

weobtam ^+P,^^^+P,^^^+...+P^=0,...(2) 

Suppose z = z.y z = Z2, ...y z = Zntohe solutions of this 
equation ; then it is plain that 

is also a solution of equation (2) containing n arbitrary 
constants A^, A^, ..., A^. 
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Hence 

is a solution of equation (1) containing n arbitrary 
constants, and is therefore the most general solution to 
be expected. No more general solution has been found. 
The portion ^iu) is termed the Particular Integral 
(p.i.), and the remaining part containing the n arbitrary 
constants, which is the solution when the right-hand 
member of the equation is replaced by zero, is called 
the Complementary Function (c.F.). If these two 
parts can be found the whole solution can be at once 
written down as their sum. 

196. Two remarkable Cases. 

There are two cases in which these solutions can be 
generally readily obtained. 

(1) When the quantities P^, Pg* • •> ^n are all 
constants. 

(2) When the equation takes the form 

Oj, ag, ..., an being constants and V any function of x. 
The solution of the second case is readily reducible, 
as will be shown, to the solution of an equation coming 
under the first head. 

Equation with Constant Coefficients — Comple- 
mentary Function. 

197. Let us therefore first determine the solution of 
such an equation as 

2/n + aiyn-l + a2yn-2+...+any = 0, (1) 

the coefficients being constants ; i,e. for the present we 
confine our attention to the determination of the 
" Complementary Function " in the first case. 
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As a trial solution put y = Ae^'y and we have 

m«+aim~-i+a2m«-2+...+a„=0 (2) . 

Let the roots of this equation be 

m^, mj, mg, ..., mn, 

supposed (for the present) all different, then 

J.^e'^i^ A^e'^y A^€^, ..., ^n^"*^, 

are all solutions, and therefore also 

y = ^ie'»i*+J.2e'»^+J.3e'«»^+...+^„e"^^ (3) 

is a solution containing n arbitrary constants A^, A^^ 
A^, ..., An, and is the most general to be expected. 

198. Two Roots Equal 

If two roots of equation (2) become equal, say 
7n^=7ri^^ihe first two terms of the solution (3) become 
(A^+A^)e^^^y and since A^+A^ may be regarded as a 
single constant, there is an apparent diminution by 
unity in the number of arbitrary constants, so that 
(3) is no longer the most general solution to be 
expected. 

Let us examine this more closely. 

Put m^^m^+h. 

Then A^e'^^'' + A ^e^'^'i+^y^ 

= {A^+A^)e'^='^AJi . xe'^^^'+A^he'^'^Y-^ + . . . J. 

Now -4^ and A^ are two independent arbitrary 
quantities, and we may therefore express them in 
terms of two other independent arbitrary quantities 
by two relations chosen at our pleasure. 

First we will choose J-g so large that ultimately 
AJi when h is indefinitely small may be written B^ 
an arbitrary finite constant. 
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Secondly, we will choose A^ so large and of opposite 
sign to A^ that A^ + A^ may be regarded as an arbitrary 
finite constant By Then the terms 



^^e-K+..] 



ultimately vanish with h since A^ has been considered 
finite and the expression in square brackets is con- 
vergent and contams A as a factor. 

Thus the terms A^e^^^+A^e'"^ may, when 7rt^=z^rn^^- 
be ultimately replaced by B^e^^'+B^e"^^, and there- 
fore the number of arbitrary constants in the whole 
solution remains n, and we therefore have obtained 
the general solution in this case. 

199. Three Equal Boots. 

Consider next the case when three of the roots of 
equation (2) become equal, viz., Ta^^tn^^m^. The 
terms, A^e'^^^'+A^e'^+A^e'^, have already l^en re- 
placed by {B^+B^)e'^^'^+A^e'^'^. 

Let m^=7ri^+k. 

Thus for A^e'^'^^'+A^e'^+A^e'''^ we have 





y^iT^^) 


* -rv-^2 ' -^8^/^*^ " 


r ■ 2! 








+^3fcVe""'g+ 


4! ■''• 


•• > 


and we may so choose ^3, B^, and jB^, 


that 








£1+^=01, 










B^+AJc=G^, 










A,¥=2G„ 






Cp O2, 


Og being 


any arbitrary constants, whatever k 
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may be, provided it be not absolute zero. But AJc^ 
being chosen a finite quantity, and the series within 
the square brackets being convergent, it is clear that 
ultimately, when k is indefinitely diminished, the 
limiting form of this expression is 

200. Several Roots Equal. 

In a similar manner it will be obvious that if p 
roots of the equation (2) become equal, viz., 

mi = m2=...=mp, 
there will be no loss of generality in our solution if 
we substitute the expression 

(iTi +K^+ K^x^ + . . . + KpX^ - 1^*"!^, 
for the corresponding portion of the complementary 
function, viz., 

^^e*"!^ + A^e"^^ + . . . + ^pc"*^. 

201. Oeneralization. 

More generally, if 
^i^('^i) + A^<(>{m^ + A^<(>{m^) +...+A „^(mn) 
be the complementary function of any linear differ- 
ential equation with or without constant coefficients, 
what is to replace this expression so as to retain the 
generality when 'in^ = 7n^ ? 

Let m2=mi+/t. 

Then 

and the terms A.^<l>{m-^+ A^(l>{7n^ become 

Now putting A^+A^=B^, Aji^B^, 

two arbitrary finite constants, the remaining terms 



248 DIFFERENTIAL EQUATIONS, 

ultimately disappear when we approach the limit in 
which h is indefinitely diminished. 

Thus A^(f)(m^ + A^<j>{rri^ may be replaced by 



B^<l>{m^)+B, 



d(l>{'m^ 



thus retaining the same number {n) of arbitrary 

constants B^, B^, A^, A^, ..., An 

in the complementary function as it originally 



And as in Art. 200 we may proceed to show that if 
p roots become equal, viz. m^ = mg = . . . = mp, the terms 

A^<j>{m^)+A^<t>(m^+ • • • +^p<t>{'^p) 
may be replaced by 

when the generality of the solution will be retained. 

The results of Arts. 198, 199, 200 are of course par- 
ticular cases of this, the form of <t>{m^ being e^i^, 

202. Imaginary Roots. 

When a root of equation (2) of Art. 197 is imaginary, 
it is to be remembered that for equations with real 
coeflScients imaginary roots occur in pairs. 
Suppose, for instance, we have 

mi=a+£6, m2=a— 16, 
where £ = /v/ — 1. 
Then the terms 

A^e'^^'^+A^e^ or A/f'-^'^y'+A/f'-'^y^ 
may be thrown into a real form thus : — 
A^ef^e'^+A^e^'^e-'^ 

= -4ie^(cos 6ir + 1 sin bx) +A^e^{Q.o^ hx — ism hx) 
= {A^+ A^e'^QO^ bx+iA^ — A^ief^&ji bx 
= B^e^cos bx + B^e^Bin bx, 
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where the two arbitrary constants B^ and B^ replace 
A^+A^ and {A-^—A^i respectively. 
Let B^ = p cos a, B^=^p sin a, then 

P = JB;'+B^ and a = tan-i^. 

Then jB^cos 6a; + ^gsin 6a; = p cos(6a; — a). 

We may thus further replace 
^^e^cos hx+B^€f*^Bm bx by (7ie^cos(6a;+ O2), 
where C^ and Og are arbitrary constants. 

203. Repeated Imaginary Roots. 

For repeated imaginary roots we may proceed as 
before, for it has been shown that when m2=7n^y 
A^C^^'^+A^e''^ may be replaced by (B-^+B^)e'^^^, and 
if m^=in^, A^e^^+A^e'"^ may be replaced by 

(B^+B,x)e^, 

If then mi = m2 = a + f6 and m3 = m4 = a — ^6, wemay 
replace 

A^e'^^'^+A^e'^+A^e'^+A^e'^ 

by (^1 + B^)e^&^ + (^s + B^x)e^e ' '^, 

that is by 

e^[(B^+B^)cos bx+(B^-B^)i sin 6a;] 

+xe^[(B^+B^)co& bx+(B^-B^)i sin 6a;], 
and therefore by 

6^(CiCOs 6a; + G^in bx) +xe^(C^coQ bx+G^sin. bx), 
that is by 

e««(Ci + a;03)cos 6a; + e^(G^ + xG^)sin bx, 
or which is the same thing by 

D^e'^cosibx + jDg) + i>3a;e^cos(6a; + DJ. 

Any of the last three forms contain four arbitrary 
constants which replace the original four arbitrary 
constants A^, A^, A^, A^ and thus retain intact the 
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proper number {n) of arbitrary constants requisite 
to make the whole solution the most general to be 
expected. And this rule may obviously be extended 
to the case when any number of the imaginary roots 
are equal. 

201 Ex. 1. Solve the equation £^-3^+2y=0. 

cb^ ax 

Here our trial solution is y =.4e*^, and we obtain 

w2-3w+2=0, 

whose roots are 1 and 2. 
Accordingly y—A^^ and y = A<^^ are both particular solutions, 

and y^A-^e^+A^ 

is the general solution containing two arbitrary constants. 

Ex.2. Solve ^-a2v=0. 

Here the auxiliary equation i& m^ — a^—0 with roots m=±.ay 
and the general solution is 

y^Ayf+A^-^, 

or as it may be written (if desired) 

y = ^jcosh ax + -52^^!^^ a^x 

by replacing A^ by ^?i+^ and A^ by ^^. 

Ex.3. Solve ^+aV=^- 
asr 

Here the auxiliary equation is m2+a2=0 with roots m=±.ac. 
Hence the general solution is 

y = Jjcos ax + A^in ax, 

or, which is its equivalent, 

y = BiC08{ax + B^), 

Ex.4. Solve ^-4^+5^-2y=0 or (Z) - 1)2(2) -2)y = 0, 
ax* aar ax 

where D stands for t-. 
ax 
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Our auxiliary equation is 

m^ — 4m^+5m — 2=0 
or (w-l)2(m-2)=0, 

having roots 1, 1, 2. Accordingly the general solution is 
^=(A, + A^y+A^. 

Ex. 5. Solve (2)2+ lXi>-l)y=0. 
Our auxiliary equation is 

(m2+l)(m-l) = 
with roots ±f, 1, and the general solution is therefore 

7/=AiCosa;+A^ma;+A^e', 
or ii/=BiCoa{x+B2)+A^e'. 

Ex. 6. Solve (i>2+2)+ l)(D - 2)y =0. 
Our auxiliary equation 

(m2-fm + lXwi-2)=0 
has roots -^±«J^ and 2, and the general solution is 

or y =i?ie"^co8 {^-^ + B^ ^A^^. 

Ex. 7. Solve (2)2 + 2) + i)2(j9 _ 2)3(2) - fi)y = 0. 
Here obviously the general solution is 

2^=(^i + ^2^)e"^cos£^ + (^3 + A^xyhin"^ 

+(^6+Je^+J7^)62«+^g^, 
containing eight arbitrary constants. 



EXAMPLES. 

Write down the solutions of the following diflferential equa- 
tions : — 
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4. §-3^+2^=0. a (2>«+lX/>'+2)+%=0. 

5. g=y. 9. (/)«+l)2(Z)-l)V=0. 

6. ^=y. 10. (2)2+l)3(Z>2+2)+l)2y=0. 

11. (Z)-l)3(2)-2X2>2+2Z)+2)2y=0. 

12. (2)2+a2)2(2)2+62X^+c2Z)2+c*)y=0. 

The Particular Integral. 

205. Having considered the complementary function 
of such an equation as F(D)y = F where F(D) stands for 

%, ttg, ..., ttn being constants, and Fany function of x, 
we next turn our attention to the mode of obtaining 
a particular integral, and propose to give the ordinary 
and most useful of the processes adopted. 

We may write the above equation as y = ^. y^. F 

(or [/(i^)]F), where wry: is such an operator that 

206. "D" satisfies the fiindamental laws of 
Algebra. 

It is shown in the Differential Calculus that the 
operator D (denoting -^ j satisfies 

(1) The Distributive Law of Algebra, viz. 

(2) The Commutative Law as far as regards con- 
stants, le. i){cu) = c(Dtt). 
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(3) The Index Law, Le. 

m and n being positive integers. 

Thus the symbol D satisfies all the elementary rules 
of combination of algebraical quantities with the 
exception that it is not commutative with regard to 
variables. 

It therefore follows that any rational algebraical 
identity has a corresponding symbolical operative 
analogue. Thus since by the binomial theorem 

we have by an analogous theorem for operators which 
may be inferred without further proof 

2ffl. Operation J(D)e^. 

It has been proved in the Differential Calculus that 
if r be a positive integer, 

Let us define the operation D"*" to be such that 

Then D"^ represents an integration, and we shall 
suppose that in the operation D"^ no arbitrary con- 
stants are added (for our object now is to obtain a 
particular integral and not the most general integral). 

Now since ]ya-^e^ = €f^ = iyD-''e^, it follows that 

Hence it is clear that .Z>^e^=a'*e^ for all integral 
values of n positive or negative. 
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208. Let f{z) be any function of z capable of ex- 
pansion in integral powers of z, positive .or negative 
( = 2-4^ say, Ar being a constant, independent of z). 

Then f{D)e9^=(LArD^)e^ 

The result of the operation f{D)e^ may therefore 
be obtained by replacing D by a. 

Ex. 1. Obtain the value of — — -J-— — e^. 
2)3+2)2 + Z)+l 

Obviously by the rule this is 



23+22+2 + 1 15' 
Ex. 2. Obtain the value of ,^ ^v.^"^l.^ t«^. 



By the rule this is 



(Z)+2)(/)+3X/>+4) 
4 ^_ 2 



5.6.7 105 



EXAMPLES. 



1. Perform the operations indicated by 

'■ Show that (^_,x2>^,x/>-o) ^° ^(-^::^)^a^- 

3. Apply Art. 208 to show that 

/(2)2)sinww7 =/(-m2)sinma7, 
f(I^)coamx =f{-m^)coB7ruv, 

209. Operation /(i>)e'"X 

Next let y = e^Y, where Fis any function of x. 
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Then since D^ef^ = a^'ef^, 

we have by Leibnitz's Theorem 

which, by analogy with the Binomial Theorem (Art. 
206), may be written 

D^e^ F= e^{D+aYY, 
n being a positive integer. 

Now let X=(D+a)''Y, 

so that we may write 

Y=(D+a)'^X, 
Then from above 

D^e^Y=:ef^(D+ay'Y 
or D^e^iD+ayX^e^X, 

and therefore i)-«e^Z = e«*(D+a)-»X 

Hence in all cases for integral values of n positive or 
negative 

D'^e'^X = e^(J)+aYX, 

^ 210. As in Art. 208 we shall have 

f{D)ef^X = I{ArD^)e<^X 
= I(Ariye<^X) 
= e^I>Ar(D+ayX. 

= e<^f{D+a)X, 

That is, e^ may be transferred from the right aide to 
the left of the operator f{D) provided we replace D 
by D + a. 

Ex. 2. =r5 — -=r — -e^'sin x = c^— ■ sin a? = - e^sin x. 



256 DIFFERENTIAL EQUATIONS. 



EXAMPLES. 



1. Perform the operations 



f^^ m i\2 ^^" ^» -n-^«*lo^ ^• 



2. Show that 

^(JD^a-l XZ>+a-2)^ " ^(2)+6- lX/>+6-2)^* 

211. Operation XZ)2)J^ ma?. 

We have D^ maj = (— m^) ^ ma5, 
, - _ cos ^ ' cos 

and tnereiore 

cos ^ ^ COS 

Hence, as before, Arts. 208 and 210, it will follow 
that sin _ /y ox sin 

Ex. /^c«*8mfc^c^:r=/)-^c«^in6^=c«*(/) + a)-^infcar (Art. 210) 

= -,5?^a - Z))sin bx (Art. 211) 

_ ^^a sin hx — h cos 6:r 

= c«(a2+ 62)-isin^6^ _ tan"^^ Y 



EXAMPLES. 

1. Find by this method the integrals of 

ef^coaba:, c*sin2a^, e^sin^^, sinh^sinar. 

2. Perform the operations 

1 1 2)2+1 . 

sin 2x, —r, cos 07, ■^. sm 2^?. 

2)2+2 ' 2)* + l ' 2)*+l 

3. Obtain by means of the exponential values of 'the sine and 
cosine the results of the operations f{D)co&mx, f(D)am7na;. 



( 
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212. Operation ^"^^mx. 

Let us next consider the operation 
^ sin ma, 

where F{z) is a function of z capable of expansion in 
positive integral powers of z. 

Let F{B) be arranged in powers of D, then if no odd 
powers occur the result may be written down by the 
foregoing rule of Art. 211. 



Thus 



sin 2^ = — — . sin 2a?= - — sin 2x. 



But if both even and odd powers occur we may 
proceed as follows : — Group the even powers together 
and the odd powers together, and then we may write 
the operation 



1 . 1 . 

sm maj = /T^o^ . T^ /T^o^ siu mx 






fi>{— m^sin mx — raxi ~ ^^)cos mx 
~ [<t>{ - m^)J + m\x{ - ™')P ■ 
Upon examination it will be seen that in practice 
we may write —m? for D^ immediately after the step 

writing immediately 



0(-m2)+i)x(-m2) 

E. I. C. B 



sm ma5, 
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Ex. 1. Obtain the value of 2)3 +2^ +5+1 ®^^ ^* 

or o/n2^ -. sin 207, 



or 



-3(Z)2-1) 



or ^ cos 2a? -tV sin 2^. 

Ex. 2. Obtain the value of ———e^coax. 

This expression = ^(D+V9 ^^^ ^ 
5« 1 



Z)8 + 3/)2+3/)+l 
1 



-2>-3 + 3/)+l 

[replacing each L^hy - 1] 

e^ 1 
= — - — cos^ 
2 D-\ 

=^Z) + lf-2!| 

= (cos X — sm X), 

4 

EXAMPLES. 

1. Perform the operations indicated in the following ex- 
pressions : — 

-e'sin X, -- — —p=. — ^^c^sin ax, — — -e'sin x + c~*sin x. 



;^rr"^""' (/)_l)(/)-2) ' D-l D+l 
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2. Show that —L—V=^€'^'jjf...f^Vdx...cb:, there 
being n integral signs. 

3. Show that by first expressing -=-. in partial fractions, the 

1 ^^\^) 

operation "Efm V may be expressed in terms of a set of common 

integrations. 

V 213. Operator wpT^^- ^ Algebraic. 

If in the operation ryiy^'^' Fbe an algebraic function 

of X, rational and integral, we may expand ryTTx by 

any method in ascending powers of D as far as the 
highest power of x contained in F. 

Ex. 1. For example, find - — jz — yJa:^+x+l), 

This is ^^(a^+a^+i), 

or (l-2)+i)3_2)4+etc.X^+^+l) 

Ex.2. Again, find ^^3^^^^^_^ <^^. 
This expression is 

"'^(Z)+l)H3(2>+l)2+7(Z) + l)-l'*^ 

10+16i)+6Z)2+ 
e* 1 



I'd^'^ 



10 l+fZ)+fi)H 
=^(l-f2>+H^-fM^...)^ 
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EXAMPLES. 

Perform the operations 

^ 1 1 ^ —1—X 1 j r 

(/)+lX/>+2) ' D{D-l)' D\D-Xf' 

2. tf'jT*. JTCOshjr. 

(2)+lX/>+2) ' D{D'l) ' 

3. v« -JT cosh ^ cos ^. 

214. Gases of Failare. 

In applying the above methods of obtaining a 
Particular Integral, cases of failure are frequently- 
met with. We propose to illustrate the course of 
procedure to be adopted in such cases. 

215. Ex. 1. Solve the equation J^-y^c*, 

The Complementary Function is Ae'. 

To obtain the Particular Integral we have 

If we apply Art. 208, the result becomes 

We may evade this difficulty and obtain the result of the 
operation by applying Art. 210 when we have 

which is the particular integral required. 
Instead, however, of substituting another method^ let us examine 

the operation ^r — -c* more carefully. 
Writing x{\-\-h) instead of x, we have 

D—1 U—L fl 
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Of this expression the portion Lte^jh becomes infinite, but 
may be taken loitk the complementary function Ae^ ; and A being 

arbitrary we may regard -4 + ^ as a new arbitrary constant B, 

h 
for we may suppose A to contain a negatively infinite portion 
to cancel the term \\h. 

The term ^c* is the Particular Integral desired. 

The remaining terms contain h and vanish when h is decreased 
indefinitely. ' 

The whole solution is therefore y=^c*+^^. 

Ex.2. Solve the equation -j^+4y=c*+sin2d7 

AM/ 

The complementary function is clearly 

y=^ sin ar+5cos ar. 
The particular integral consists of two parts j^ — -c* or -c* 

and -=^ — - sin 2x. In this second part, if we apply the rule of 

sin ^x 
Art. 211, we get — -— =1, i,e, oo , and so fail. 

We now consider the limit, when A=0, of j^ — - sin2a:(H-A). 

x^^+4 

This expression 

— T — TTL — rJ^^^ 2.r cos 2hx + cos 2^ sin 2hx) 

= -^— ip[sin2.r(l-^^%...Wcos2^2Aa;-...)1 
h+^ 

= -- — r — --^ COS 2:r+ powers of h 
oh 4 

= (a term which may be included in the complementary 

function) -^^^^ — + (terms which vanish with h). 

Thus the whole solution of the differential equation will be 

y=^sin2^+5cos2^+l€*-^^^i^. 
5 4 
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Ex. 3. Solve the equation 

Here the complementary function is plainly 

Ay^+A^-^-\-{A^-\-A^xy, 
The particular integral consists of four parts, viz., 

(2>2+32>)(2)_ 1]^ (/)- 1)« ' "4 4 * Z>* * 8 ' 

=(a part going into the complementary function) 
+ —e*+ (terms which vanish with A)]. 

o 

1 ..2* 1 -Jix 



1 . 1.1 
sSin^=7 " 



(Z)2+3Z)X2>-1)*^ (-l + 3Z)X-2/>) -6Z>2+2/) 

1 . 3-2) . 

= sin ^= sm X 

6+2/) 2(9-2>^) 

= (3 sin ^ - cos ^)/20. 

Finally 

3Z)V 3 . 3^9/ 

3i>V ^ 3 9/ 

3\3^3 ^9 / 
Hence the whole solution is 

y^A^+A^'^-^-iA^^-A^xy 

, x^e^ , e^ , 3 sin ;r - cos ;r , ^ , 5^^ 44 
+ -8-+IO+ 20 + 9+^+27^- 
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Ex. 4. Solve the equation -^-y^xsmx. 
dor 

The c.F. is Aisiiihx+A^iios\ix-\-A^mx-\-A^co^x. 
To find the P.I. we have ^^ — -^sino;, 
which is the coefficient of c in 



&' 



-4e/)-6i)2.. 



-4t2) i-f«/)... ' 



4 






Thus the p.i. is f^cos^ __ 3^ ^.^^ 

8 8 ' 

and the whole solution is 

y = J isinh 4? + -42C08h ^ + Jgsin ^ + J4C0S ^ + — ^- ^ - ^ sin :p. 

8 8 



EXAMPLES. 

1. Obtain the Particular Integrals indicated by 
X (1) ^^ sin.. - (5) ^-^_j^^^L__^^<^. 

(3) -^--sinhx. (7) ^-^_^^(^+cosh6.X 
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2. Solve the differential eqoataons 

(1) g-y=e-. (2) g-3r=c«hx. 

(3) ^+y=tf-*+co8X+4r»+«^iiix. 
cur 

(4) (Z>2-lX/^-%=x<r'. {b) (2>-lX/>+l)/>^=jr. 

(6) (/>5-3Z)*-32>+l]^=«-'+jr. 
(7) (Z>2-%=jr8inx. (8) (/)»-%=x€*8inx. 

(9) (Z>*-%=co8hxco8x+a». 
(10) (2>-iy(Z)«+l)V=8in*f+««+x. 

216. The Operator x^. 

A transformation which renders peculiar service in 
reducing an equation of the class 

where A^yA^, ..., are constants, to a form in which all 
the coefficients are constants, arises from putting 

In this case -r: =e*, and therefore x^—~, 
at ax at 

It is obvious therefore that the operators x-^- and 

d d ^ 

-j~ are equivalent. Let B stand for -^. Then we 

have 

''dxv dx-y^^ dx-^^"^ ^^^ dx»-i' 
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Now putting n in succession 2, 3, 4, ..., we have 

^S = (^-2>'S=(-^-2)(^-l>^2/. etc 
Hence generally 

or reversing the order of the operations 

=D{D-\XD-2)...<J)-n+iyy. 

Ex. Solve the differential equation 

Putting ^=c«, the equation becomes 

D{D-l){D-'2)y+2D{D-l)y+ZDy-Zy^e^-\-^, 
or {I)^-D^^ZD-Z)y=:e^+e\ 

i-e, (/>-lX2>2+3)y=e2'+e«, 

giving y=-4e'+i5co8^/3+(78in^/3 + ^+^ 

or y^Ax + ^cos(V3 log^)+ Csin^/Slog^rHy +^^^^. 



EXAMPLES. 

Solve the differential equations 

ote* air cm; 



CHAPTER XVII. 

ORTHOGONAL TRAJECTORIES. MISCELLANEOUS 
EQUATIONS. 

Orthogonal Trajectory. 

217. Cartesians. 

The equation f{x, y,a) = is representative of a 
family of curves. The problem we now propose to 
investigate is that of finding the equation of another 
family of curves each member of which cuts each 
member of the former family at right angles. And in 
such a problem as this it has been already pointed out 
that it is necessary to treat all members of the first 
family collectively, so that the particularizing constant 
a ought not to appear in the equation of the family. 
It has been shown in Art. 171, that the quantity a 
may be eliminated between the equations 

/(a;,2/,a) = 0, 

'dx 'dy dx 
Let this eliminant be 

This is the differential equation of the first family. 
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Now at any point of intersection of a member of 
the first system with a member of the second system, 
the tangents to the two curves are at right angles. 

Thus if ^, i; be the current coordinates of a point on 
a curve of the second family at its intersection with 
one of the first family, and cc, y the current co- 
ordinates of the same point regarded as lying upon 
the intersected curve of the first family, we have 

f ^''^ y^di dry 

The differential equation of the second family is 
therefore 0(^,^-^) = O, 

and when this is integrated we have the family of 
" Orthogonal Trajectories " of the first system. 

The rule is therefore : 

Differentiate the given equation, eliminate the 

C07V8tant,vniiQ — -r- in place of ^, and integrate the 
new differential equation. 

218. Polars. 

If the curve be given in polars the angle the tangent 

do 
makes with the radius vector is Tj-, so our rule is 

now : 

Differentiate the equation, eliminate the constant, 

write — ^ ^^ place of r-v-, and integrate the new 

differential equation. 

219. Ex. 1. Find the orthogonal trajectory of the family of 
circles 

a^+i/^^2cuv, ,\ (1) 

each of which touches the y-axis at the origin. 



268 DIFFERENTIAL EQUATIONS. 

Here ^4.y^=a, 

and, elimiuating a, ^+y*=247( 4? +y^ j, 



i.e, x^+2xy^-y^=^0. (2) 

Hence the new differential equation must be 

or ^+203^^-^=0, (3) 

which is a homogeneous equation, and the variables become 
semrable by the assumption y^vx. 

However, this being the same as equation (2) with the ex- 
ception that X and y are interchanged, its integral must be 

y2+^=26y, 
another set of circles, each of which touches the or-axis at the 
origin. 

Ex. 2. Find the orthogonal trajectory of the curves 

a«+A+6HA- ' ^^^ 

A being the parameter of the family. 

^^'^ ^+6?X=«' •• (^> 

and \ must be eliminated between these two equations. 



(2) gives 


^&2+A)+yyi(aHA)=0, 


or 


. h^x-^ahjy^ 




'^ x^yy^ ' 


so that 


«HX- («^-^> 




x^yyx 


and 


62+x- («'-^')3^i. 




x-^yyx 


Thus the differential equation of the family is 




x\x+yy^) y\x-\-yy^) 




{a^-b^)x {a^-b^)yyi~ ' 


or 


a^-f+xy(y.-^ya^-l^. 



.(3) 
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Hence changing y^ into - — , the differential equation (^f the 

family of trajectories is 

^2-y2+^(-l+yi)=a2-52 (4) 

But this being the same as equation (3) must have the same 
primitive, viz. : 

i.e. a set of conic sections confocal with the former set. 

Ex. 3. Find the orthogonal trajectories of the family of 
cardioides r=a(l-cos^) for different values of a. 

Here -y^=asin^, 

and, eliminating a, ^c?g^ l-co8^ ^ ^Q 
' ^ ' dr sin 2 

Hence for the family of orthogonal trajectories we must have 

or log r = 2 log cos — + constant, 

or r=6(l+cos^), 

another family of coaxial cardioides whose cusps point in the 
opposite direction. 

EXAMPLES. 

1. Find the orthogonal trajectories of the family of parabolas 
y2=4cM? for different values of a, 

2. Show that the orthogonal trajectories of the family of 
similar ellipses —^+^^=m^ for different values of m is af^—A^. 

3. Find the orthogonal trajectories of the equiangular spirals 
r=ae^<^** for different values of a. 

4. Find the orthogonal trajectories of the confocal and coaxial 
parabolas ~=1 +cos ^ for different values of a. 

T 
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tlies of curves 



6. Show that the families of curves 



are orthogonal. 

6. Show that the curves 

r sin^a = a(co8 - cos a) and r sinh*)8 = a(co8h )8 — cos ff) 
are orthogonal. 

7. Show that if y(A'+ty)=w+ ft; the curves 



u=a\ 



form orthogonal systems. 
8. Prove that for any constant value of /x the family of curves 
cosh X cosec y - /x cot y = constant 
cut the family /x coth x - cosech x cos y = constant 
at right angles. [London, 1890.] 

Some Important Dynamical Equations. 

220. The equation ^^+^=/'(^) 

is the general form of the equation of motion of a 
particle imder the action of a central force. 

Multiplying by 2 j^ and integrating we have 

which we may write as 

and the solution is therefore effected. 



221. Equations of the form 



^+«^«=/(0) 
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have already been discussed as being linear with con- 
stant coefficients. 

The solution may however be conducted thus : — 

Multiply by sin n$y which will be found to be an integrating 
factor. 

Integrating, 

sin n6^ - nu cos n6= \ f{&) sin n&d& + A. 
dd J^ 

Similarly, cos nd is an integrating factor and the correspond- 
ing first integral is 

cos n^+nu sin nO = f /($') cos n&dff+B, 



Eliminating -^ 

nu = {^f{&) sin <^ - &)d& + ^ sin w^ - ^ cos nO, 



222. The equation of motion of a body of changing 
mass often takes some such form as 



|{*<«)S}-^«). 



dcxj 
and for this equation <l>(x)-^ will be foimd to be an 

integrating factor. 



leads at once to ^-j ^(a;)-^ f ~ / VK'»')<W''')<^+-4, 



dx 



^^ ^ljyK^mx)dx+A 



and the variables are separated. 
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Further Illustrative Examples. 

223. Many equations may be solved by reducing to 
one or other of the known forms abready discussed by 
special artifices. 

Ex.L ^^f{ax+hy). 

Let ax+hy^z. 

Then a + h^^^. 

dx ax 

Thus «+*/(^)=§' 



a + hf{£f 
Put xy—z. 



K£-^)|-^^->' 



dz , 1 
or . cio? ^ 

dx 
which is of Clairaut's form, and the complete primitive is 

xy=xC+-^, 

Ex.3. Solve 6^(«+.)(l-J)'=^+6^(J)l 

Let «*'='/> ^=^' 

Then, since this equation may be arranged as 

\ dx I ^WdxJ' 
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we may write it as v-^—\^l + (—), 

which being of Clairaut's form the complete primitive may be 
written 

or ^ ^=Ce'+'JT+C^, 

Ex. 4 Aa^(^y+(a^-'Af--B)'^-a:2/=0 

(an equation occuning in Solid Geometry). 
Put x==^s and y^,Jt. 

Then the equation becomes 

^ dt ds 

givmg t^8- -J., 

ds ^^^ 

ds 
which is of Clairaut's form and has the complete primitive 



X+AC 

and singular solution the four straight lines 
Ex. 5. Solve the equation 
E.i.a s 
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that 



Let the transformation be such that 
dx 



then X is known by direct integration as a function of t. 

Now t=-7=^=, 

and <^_ dt^ dy ax 

Thus (l+aa;2)^=^-aa;^. -???. 

^^ W dt^ dt dx' 

and the given equation thus reduces to 

whose solution is y =.4 sin g'<+^ cos qt^ 

and when the value of t in terms of x is substituted, the solution 

is complete. 

[If a be positive we have 

1 dx ,^ 

^'W^ ■ 

' a 

1 



If a be negative we have 
1 dx 



-7= siDh-^x>/a)=t, 
va 



\ -a 

. sin~i(^\/ - a) = <.] 



Ex. 6. Solve the simultaneous differential equations (which 
are linear with constant coefficients) 

4^+9^+44x+49t/=ty 
at at 

3j+7|+34.+38,=«..| 



SIMULTANEO US EQ UA TIONS. 275 

We may write these equations as 

4(2)+ll)^+(9i>+4%=^, \ 
(3/)+34)a7+(7i)+38)y=c*,/ 

where D stands for — . 
dt 

Operating upon these equations respectively by 7i>+38 and 
by 9i>+49 and subtracting, we eliminate y and obtain 

[(4Z>+44X7i)+38)-(3i)+34X9i>+49)>=7 + 38«-58e', 

or (i)2+72>+6):F=7 + 38^-58e*, 

giving ^=^e-'+5«-«+^23j-^^^(7+38«-580, 

or a:=Ae-'-irBe-^+l-\r^t-l)-^^, 

To obtain y let us eliminate -^ from the original equations. 

Multiply the first by 7 and the second by 9 and subtract. 

This gives ^+2:p+y = 7^-9e^. 

dt 

Thus y=7^-9e«-2a?-^ 

dt 

=7^-9e'-2(Je-'+5e-« + ^«-^^-^) 

= ^Ae-*+4.Be-^+^-^t+^. 
Thus ^=^d-*+5e-«+J^^— 5^-^^e', | 

[The student should notice the elimination of ^. This avoids 
the introduction of supernumerary constants.] ^* 

Ex. 7. Solve the simultaneous equations 
d^y f,dx , f. ^ 



These equations may be written 
(Z>2+16>r+3 
-5Dx+{lP+9)y 



(Z>2+16>r+3%=0, \ 
=0,/ 
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whence operating upon these in turn by 2)^+9 and by 32) and 
subtracting, we eliminate y and obtain 

[(2)2+ 16X2)2+9) + 15Z)2]a:=0, 

or (2)*+402)2+144>F=0, 

i.e. (2)2+4X2)2+36)a?=0, 

whence ^ = J sin 2^ + J5 cos 2^ + (7 sin 6^ + 2) cos 6^. 

Differentiating the first equation and subtracting three times 
the second to eliminate differential coefficients of y, we have 

f^+31?^=27y, 
d^^ dt ^' 

whence we obtain the value of y without Way new constants, 
viz. : — 

y=-25sin2«+2^cos2« + ^2)sin6^-J^Ccos6^. 

EXAMPLES. 

Solve the equations 

3. (a+ba;)^+A(a+bai)^'\-By=x. 

oar ax 

4. (l+^^+2:r(l + x»)J+y=0. 

7. ^=2 sin (^-y> C08 (^+y> ggg^. 
(£r 2 2 cosy 

8. Obtain the integrals of the following differential equa- 
tions : — 

Wg+6g+9y=25cosx. 
W-'g-«-|+^^=«- [I. 0. a. 1894.] 
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9. Integrate the simultaneous system 



^ + 15y+ 3z + 30=0, 



^3+ 2y+10.+ 4=0. P.C.S..1894.] 

10. Find the form of the curve in which the tangent of the 
inclination of the current tangent to the ;r-axis is proportional 
to the product of the coordinates of the point. 

11. Find the form of the curve for which the curvature varies 
as the cube of the cosine of the inclination of the tangent to the 
^-axis. 

12. Show that in the curve for which the projection of the 
radius of curvature on the y-axis is of constant length 

(l)*oclogtan(r+|), 
(2) yoclogsec-. 



ANSWERS. 

CHAPTER I. 
Page 12. 

1. Area = e*-c». 3. Area=ia2tan ^, 4. Vol.=^^. 

2. Vol. =^(e2»-e*'Y Yol =JaHan2^. 6. Yol=^a\ 

2 3 

6. (a) Area=ja*A*, 
Vol. =f7rJh^. 

n-l n+1 

(j8) Area=-^a " A " , 

„n-l n+2 



n+2 






(6) Area=-L*'(3A+4o), 

Vol. =J!LiVl5A2+35aA+21a2). 
7. ^fia^. 8. Mass of half the apheroid =^fm^b\ 
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CHAPTER 11. 
Page 17. 

1. A(6^^-«^). 5. 1. 9. |. 

2.^. 6.1. 10. ^-I^+ (sin 6 -sin a). 

3. ?!!!::1. 7.\^-i. 

4. logef. 8. |. 

Pagb 23. 

, ;r2 ^100 ^000 ^001 J I f 

^- T ^' ^' loo' 1000' looT- ^' S^ » t^ » i^ • 

_^ _^ _£:i\ 4. 2^^, 6^* 3^1 

10' 100' 9b 

2 .T 2 9a^ 

^' «l^^^-5"2^' ^ + ^3-+'T 

Page 25. 

2. alog^p, ^, aloga?+^, log(a+^). 

2a 

3. :r-olog(a+^), -Jlog(o-6^), ji^ ;r^ (^T^sn- 

4. log£±f. log(.»-A ^ 

Page 26. 

2. \o^^-e-% logtanx, - ^^\^+^ - 

3. logtan-';K, logsin"'a;, log(loga;). 
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Page 28. 

1. log(4?+l), log,^, ilog(^+l), \\o^:^-\-\\ llog(^+a-). 

2. ^ ^^-T- o^+JLj. ^ 
log2' 4^1og3' ^log6"*"i^* 

^- 5 — > -—-7—, -r— 4. log tan or, logsmd?-cosec^. 

^ 4 W+l 

5. sin-i^p, itan-i£, Isec-^f. 

'3 3 2 2 

6. vers-^2a:, -J-sec-^?, J-sin-^?, x-^taxr^^. 

2V2 2' V2 2' 2 

7. Ktan-ia7)2, i(8in-^^)2, J(8ec-^^)2. 

8. -log(^+e*), log(logsin^), log(sec -^or). 

CHAPTER III. 
Page 32. 

1. sine*, sini?", sin(log^). 

2. tan-^^2^ tan-i^. 

3. a8in;r+-tan-V, -acose*+61ogcosh^. 

5. sin-^A-sin-^-l-. 7. tan-y^. 9. sec-yA-. 

Page 41. 

1. sin-^^, cosh-^ar, sinh"^^, ^ +^B\n-^Xf 

A 

2 -icosh-^o?, /^ +^8inh-^ar. 

2. cosh-V + 1), sin-i^, ainh-X^-l), 

^^ ^ — ■ — - \ cosh X-^H- l)i SID -^±-I-f . 
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2 2 

7. \/^-l+cosh~^.a7, sin-^^-Vl-^, 

isin-^a7-i(2+^>/r^^ 4cosh-if+2±?\/^34. 

2 2 

8. i log tan ^, llogtan?!^, ilogtan(^+;r), 

ilogtau(|+a;), ilogtan^. 

V2 \2 8 7' Va2+6*^ ^ \2 2 a/ 

13. log(log^), log{log(log^)}, log[log{log(log4:)}], ?"+\:p). 

CHAPTER IV. 

Page 47. 

:r sinh a; — cosh x^ (2 + .a?2)sinh x — lx cosh ar. 

2. a? sin 4? + cos :p, (.^^i-2)smar + 2^cos^, ?^^^+22i^,. 
^_^£8m2^^cos25^ ^[3^si^3a7+98in^)+cos3a:+27cos^]. 

3. |{sin2a;-2a7cos2a7), 

irsin2^ sin4£_8in6£_ /cos2^ cos4:F_cos6a:\"| 
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5. — L=«*8in(2a?-tan-^2), ,-i=€'sin(4a?-tan-H). 

6. Je"*2(a*+ ?i^~*8in ( tw? - tan~*- ], for the values of. w, 

^^-^'-r, 5'+r-/?, r+jp-g, -p-q — r, 

7. TT, ^', 7r^-4. 

4 " 

Page 51. 

1. c*(^-4r3+i2^-24j?+24X (a;'+6^)siiiha7-3(;r*+2)cosh^, 

(a:* + 204:3 + 120ar)co8h 07 - 5(^ + 12J72 + 24)8mh :r. 

2. (2-a;2)co8:p+2a?8in4:, (6a:~x3)co8a:+(3a;^-6)sin:i?, 

J{2(2^-3^)sin2^- (2^-ap2+3)co8 2a?}. 

3. 7r6^207r3+1207r, -57r*+607r2-240, 265e-72(>. 

Page 52. 
1. (a) (m2+l)"^«**'cos(^-cot~%), where ^=sm^. 

(6) l(^8m^ + co8^-^«^^^-gg||g), where ^=8in^. 

(c) :f tan^+log cos^. (e) ^-^ tan-^^- — I^. 

(<f) ^tan~^a7-ilog(H-^). (/) ^ 8ec-^4: - co8h~^^. 

^ (a) ^-\/l-^8m~^^. 

(6) ^8ec^+co8^)-8in^-logtan( ^+^ j, where ^=sin6^. 

(c) (a+^)tan~^A/ — Voo?. 

((£) ^ (sin <^ - <^ cos <^), where :r=2acos^. 
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(6) ie'»'»/l+-pJL=cosf2^-tan-i-Vn where tan^=a?. 

(c) ^e»»'»/_J_.cosf ^-tan-^l) +--,=L_cosf 3^-tan-^-U, 

where tan $=a!, 
4. (a) e*sin^. 

(b) hiXx - 1) - ^1 V5 ^ cos(2a7 - tan-i2) - cos(2a? - 2 tan-^2)|. 



(c) 



(a sin 6^ sinh cuv-b cos hx cosh ar^r) 



(eQ i/-e«*sin(6a7 -</>)- ^ sm(6a? - 2</)) - ^-«'sin(6a7+ </>) 
2 \^r r* r 

- —^ sin(6a? + 2<^) V, where r and <^ are as in Art 53. 
(c) 2*(Psin2^-§cos2^), where 



P=^ cos </> - ?| cos 2<^ + i cos 3</>, 

§=_ sin <^ - ^ sin 2<^ + :^ sin 3</), 

and r2=4+(log2)2 and tan<f>=,-A^. 

^ log2 



(/) -^:^=^cosf61og^-tan-i6\ 



5. ^sin-i47log?^+Vr^log-+log %^. 6. -^. 

7. -cot^log(co8^+x/^5^)-^-cot(9 + '^^^. 

sm^ 

8. sin ^cos ^log(l + tan - |+ilogsinf ^ + ?y 

2 2 \ 4/ 

9. (a) e'tanl (6) -c»cot|. 

11. ?^c» + -^sin(2:F-tan-^2)+|^gC'cos(2^-tan-i2> 
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CHAPTER V. 
Page 58. 

1. ilog(^+2^+3)--^tan-^^ 

2. log(^ + l) + -i^. 

a ilog(a,'2+4^+5)-tan-X^+2). 

4. -log(3-a?). 

6. a?-2log(4^+24?+2)+3tan-^(a?+l). 

6. 2ar-flog(^+6j?+10) + lltan-X^+3). 

Page 62. 

(iii) ^ - -^ log(a7 + a)+ =. log(^+ 6> 

a— a— 

(iv.) log^nl. (vi.) Jlog*(x>-3)«. 

(viii) :c + <''-/Xg-^) iog(^_c)+ ('^-^Xrf-6 )iog(^_^. 
(c — a) (a — c) 

(ix.) x + <3fffcM^)log(^-<^+etc. 
(ai-6J(o,-<!i) 

,..x _1 1 .1 1 1 1 lo^^+l 

^ '^ 6 (^-1)3 "*"8 (ar-l)2 8(07-1) "*■ 16 ^x-\' 
fww 1 u,.^+2 11 2 1 
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^ ■' ax^a^ '^ a; ^ '4 ^^-1 2x^-1 



(iii.) Un-x- J^.»-'.V8. (1,.) 5i^t«-.(-| j^). 
4. (L) — Ltan- 



V3 2:r2+l 



(vii.)45tea-'£^-V3tan-', 



n/3 



V3 i-iT^ as^+i- 

(viii.) 1 log^+^f +^+-^tan-'^. 

5. (i.) - log -,j=^ ■\ — ^tan — j^. 

(ii.) log(^ Vm). (iii.) llog^^|ta„->|. 

(iv.) x-2logx+ilog(x-l) + ilog(a;+ 1) +ilog(a:2+ i)_^tan-iar. 
(y.) -log(^+l)+ilog(:^+l). (vi.)^log^-itan-»|. 
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(viii.) 1 log /+! +_L tan-'?^I-i. 
(ix.) ilog(x+l)-ilog(arS+l)+itan-'a;. 

(x.) ^+ar»+15«+l^log(;e-4)-^log(a^+l)+l tan-'x. 
o 17 17 17 

6. (i.)llog(*-2)-^-llog(^-2.;+4)-^tan-£^. 
(iL) |log(l+.)-|log(l+2.+4^)4^+3-^tan-^. 
(iiL) .-H|log(.-l)+glog(^+4)4 ^-|tan-| 
(iv) llo<r<5±Iim- 
^ -* 4 *^ (a; -1)2 ix-l 
(vi) log-£^-l-lj + ltan->x 

(viii.) li (^-«)Np+^ ^^. 

<'^)4^°«(^)-^+2^q:i- 



2 ^1+^^21+^2-^-4 (1^.^)2- 
8. ^. 9. logi 
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CHAPTER VI. 
Page 68. 

3. (62<ac)J-r(c^+6yc(ca?2+26^+a)+(ac-6>inh-i-^±J^-1, 
(62> ac)— 3 r(c^+6yc<ftr2+26^+a) - (62 - ac)cosh-i-^±Ll. 

20^1- V62+acJ 

Page 69. 

1. V^+2^ + 3. 4. 2V^-l+3cosh-^A\ 

2. V^+a2. 6. 2N/52TiTi4-2sinh-i?^±l. 

-^ 

3. V^+^+6sinh-^f. 6. ?^^H-sinh-^?. 

a 2 2 

7. i(^-l)V^+2^+3. 

8. J(a^^4-2^+3)^-.(^+iy^+2^+3 + ?sinh-i^. 

V2 

Page 74 

1. ■=- — - — , --cos^+— -cos3^ or -cosar+— -— , 
2 4 4 12 3 



l/sin6^ 3 sin 4a? , 15 sin 2^ ^^ \ 
"2^1-6— 2- +-^— ~ ^*^> 
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^{gyf-'^^'^+7co83;r-35ooe^} 



3 1 

or - cos 4?+ cos'a? - - cos^^r + — cos^i 
5 7 " 



(•-I)* f 8in2yu? _a«,^ sin(2n--2)j? , a„^ 8in(2n-4)a? _ \ 
2^-1 \ 2w ^ 271-2 * 2w-4 "J' 

(-1)" / _ C08(2n + l>c a,,^.i^ co8(2n-l>g _a„^.i^ co8(2yi-3)^ 
2** \ 2w+l ^ 2w-l * 2w^=3 

or -co8^+-C,2^'>*(7,5^+-(7r"" 



3 ^« 5 ■ ^^ 7 

2. Jsin^-Jsin^^, Jsin*^-J^8m% - Jcos^^y+Jcos^^r, 

Y^ { 3a? - sin 4a? + J sin 8:r } , 

j^{ 6ar + sin 2ar - 2 sin 4a? - i sin 6ar + J sin &r + ^ sin 10^} 

3. Jtan^o?, -Jcot^o?, tan^-cota?, ^isxi?x-cot^x)+Z(taknx-cotx), 
. £-2 43 157H-44 

* 8 ' 60^2' 192 • 
5. — Jcos*a?, f sin*a7-Jsin*a?+§sin*.r, 

- cos w^ - -7 -r cos(w + 2)a? - -7 -T cos(;j - 2)r. 

271 4(w+2) ^ ^ 4(w-2) ^ 

Page 83. 

1. 2\/tana;. 

3. (i.) [a^+61og(acos^+6sin^)]/(a2 + 62). 

(ii.) [(ac+6e)^+(6c-ae)log(csin^+ecos^)]/(c2+c2). 

5. (i.) ^ tan-^f ^ ^ tanarV 

(ii.) |tan-<itanf). (iiL) JL cosh-^i±5?i^^?i?. 

^ "^ 3 \3 2/ ' sma cosa+coso? 
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3-VlOco9(a;-tan-»3) 

(vii.) ^cosa+sinacosh *— ^ . 

cosa+cos^ 

(ii.) Jg|V5(i=6)-N/6(j::^)-V56(tan-»>y^-tan-»'y^)}. 
(iii.) _2_/V5JT6->/^'J+F-^^^^ 

V y/a'b-ab' •Jdh-aJU /J 

if a>a' and a!h>ah\ with analogous forms for other cases 

7. Atan-ifltanfV4*»nh-^(2tan|). 
68 \2 2/ 68 V 2/ 

1, sin^l + cos(9) 

°' 3 ^ (1+2C08^)2' 

9. singg^ cos^+sin^^l^ ^^^^^ 
2 ^cos^-sm^ 2 ® 



10. cosh^tan^. 



11. -2Vl-£ 



12. -2\/l-sin^- V21ogtaii(?+|Y 

13. hogI±^+l — U-. 
4 *^l-smj7 2 1+sin^ 

14 , co8~-^r A/ — r^ cos x\, 

^h-a L > 6 J 



15. TT. 

B.I. c! 






290 INTEGRAL CALCULUS. 

16. log log tan ^. 19. --^"^"Hi) • 

no* 

^ , r^ «/> sin ^ — iF COS a? 

17. -C09h->(co8^+8in^. 20. ^^^^^^^^ - 

21. -J{log(«+6'=<«^)+^+^}- 

22. cosec-M 2cos*-V 

23. cos-^5|^+2V3tanh-^[N^tanl{cos-^(5|^)}]. 

24. cosec-Kl+sm2e). 25. sec-^cos^+sec^). 
26. artaii-^^-log(l+^). 

J^-sin^ 

— — -sin^ 

1wLi5!m L_W-i^? 

S^^^l+sino; 4V2 ^ 1 +3ina: 

V2 

CHAPTER VII. 
Paqb 94. 
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and /,= - <^'^-^* +a/„ 



Between limits and 2a, 

A='!|^ /«=«*«*, /s=i«ra'. 

Paob 95. 

and similarly for 2, 3, 4, 5. 

6. /8in«x<ir=-«-2i^iB^+?(|-«^), and similarly for 

jain^xdx, etc 

^ f « » sin ^ cos""^^? 7i — 1 r « o J 
J n n J 

Q ,. V sin'^cos^^ , 1 r sin^cos^a? . l/o? , sin^rXI .^ 
8. (1.) ^_+-|-_^_+-^-+_^j|=etc. 



(ii.) — --%(a!-aiaxcoax\ (iii.) tan^-2cot:r-icot%. 

Page 102. 

, ^ 35 357r 128 Stt 8 8 1 

* 4' 16' 256' 315* ' 2^' 693' 693' 60* 

4. JsinSft Jsin8^-^sini<>^, Jsin8^-j8ini<>^+^8ini2^, 
-i cos3^+f coa^O-^coBfO+i cos^^, 
- ^ sin^e cos^^+^d^ - ^ sin 4^+ A sin 8^). 

g 128~71V2 3^-8 37r+4 289 ^ ?r 2 Stt 

1680 ' 32 ' 192 ' 4480' 8' 9' 192' 
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Page 104. 
2. If Irn, n denote the given integral, 

A.7 -U+^) \I3 13711 + 13.11. 9/' 
6. With a similar notation, 

^^^ ^"'^ 2;i+2^ + 2 ~27r+2^+2^"-'''' 
(y) (m--n+l)/^„ = _^!:l---(7n--2)«3/«_^,. 

• (8) m/^=a?~-V-l)*+('^- 2)7^-8, 

/4 = -s- — -\ coa^aKa cos ^ + 4 sin x) 
* a2 + 42L 

+ -o'^-!cos^acos^+28in^)+2. 1. i|- |. 
a^+2^[, a) J 

8. /« = - ^cos ^ + 7W7"~^sin x - n{n - 1 )/n_2. 

w^+a* n^ + a^ 

T • n_i a sin ^ sin aj?+7i cos x cos cw? n(7i — 1) r 
/n= -sm" *a? 2 2 H — h r-'n-a- 

17 1 I ^ , m(m-l) 

* 3m^3m(3m-2)^3m(3m~2X3m-4)^'" 

wi(m-l)...2 



37ii(3m-2). 



L)...2 m(m-l)...l i./i_cos ^^ 

...(m+2) 3m(3m-2)...(wi+2)w\ 2 / 
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2sinh^ 



rnr 



20. (m even) M>>^-lX^-2Xm-3)...2. 1 

(7iHm2X7i2 + (^-2)2}...(/22+22) • 

{m odd) M^-lX^-2ym --3)^,j^j_ ^coshj 

(7i2 + m2){w2 + (m-2)2}...(w2 + 32) • ^2+12- 

23. 7;-c^ sin(^-l>P . r 

28. (^-l)t..,.==«_^^^+(^+l)^^^_^ 

29. aw/^+(2m- l)^,/^_i + (m- l)c/^.3=^-Va^+26ar+c. 
31. (a) /„=/„_,-:fc^5^r^. 

Ti-l 

()S) Deduce from 25. 

(y\ 7;^== , (^-2> p cos gy+sin^ 71-2 ;^ 



CHAPTER VIII. 
Page 115. 

1. log^S^ J-wV^+2^x/3 

Vor+l + l x/3 ^x/J+2+x/3' 

2. -cosech-., -^sinh-J^, sinh-.H-^sinh- J^, 

^Vra^3-si„h-^-^eosech-£+], 

2V2 ^-^ x+1 V2 1-^ 

1 W^W2g+I)+2_J_ V2(J+r) 
2^^ ^P-V2(^i) + 2 ^ ~li ' 
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V2 ^^+2-V2(^^ V2 ^ 

Pagb 117. 

1. a2>52 _ l^tan-iJZ±^ 

2. 1 sinh- VS±I- 3. 1 sinh-AgEl. 4. ^^^EI 
V2 >^-l V2 ^x^+l X 

5. If a, 6, c are in ascending order of magnitude 

1 ^3_i J¥^J^±2^±f 

(52 _ a2\i(^ _ 52\4 ^ c^ - a* > ^ + 2aar + 6^* 

with modifications for other cases. 

6. --/^+1 



'^-1 

7. |«co8h-^4-J^E^±I-Asinh-H/^EMI. 

Page 120. 

cos^-cos^ 

1. — 7«log . 2. 2(sin^+j?cosa). 

^ cos^+cosj 
6 

3. sin2^+4sin^cosa+^4cos2a-l). 

4. Prove (ti being a positive integer) 

cos w;r — cos ?ta «/ *"^~^ . / \ . sin^^a 

r!:iJrz=t2kioaeca 2 smracos(w-r>r+— . - . 

cos :r- cos a r-i sma 

Then 



fcosr^-ooBna^^J_r^^ «H^sin(7i-r)a;+x?i? 
J cosa7~cosa sina ;ti w-r si 



sma 
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tan^-cot^ 

5. 2 sin a?+ 2 sin a log(sin ^ - sin a) + 2 sin a log -• 

tan^-tan- 
2 2 

sin^a ^ 2 2sin2a ^V 2 2 / 

Page 129. 
1. (i.)2tan-V^. (iii.) — Lcosh"^^"^. 

(ii.) 2 tan-Vn^. (iv.) - sinh-^-1- ^—^' 

(v.) V^+^+1 -i sinh-i ?^- sinh-i J- Inf. 

(vi.) f^^ (viii.) 2cosec-i( Vi+4=)- 

(vii.) -^sinh-.(^)'. 

(ii.) If « > c 

with a corresponding real form if a < c. 

(iii.) _ l.cosh-i-7^ V^^^^+Wg£c 
Va+c v6+c sin^ 



3 /j \ ^ 

V(cos a - cos p){co^ a - cos y) 



1 

cos 
2 



X />^o^ - 1^08 ^ + COS ct COS g - cos ff cos a - cos y 

cos a - cos p cos a - cos y 

for the case cos a > cos ^ or cosy with modifications for 
other cases. 
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1 



(ii) - 



\/sin(a - j8)sm(a - y) 

2 I 1 , 1 

, ,tan:r-cota cota-cotjS cot a — cot y 
X cosh"* , ^ ^ ' - 



cot )8 — cot a cot y - cot a 

6. (i) i log^Ste). (il) ^. (iii) ^-^-\ 

9.(L)^ (ii.)ilog2. (iii.)^-^ 

13.(.>l)/„=?g^)/._. 

14(i)log^-l. (ii-) -2- (iiiOO. 

15. (L) ^. (ii) I 



27.(i.)log^. (il)^. (iii)|. (i^-)|^, 



^H^ 



4' 
30. e-^ 



CHAPTER IX. 

Page 141. 

I. a(^-a). 

7. (L)a(d2-^i). (iii.)|[eVl+^+ismh-idJ. 

(iL) (^2-^,)^^'. (iv.) 2a(co8|i-co8|). 

II. 2tz^. 12. i^. 

Page 151. 

1. £^^/3co8h-^?^^l?+2V^^T. 
2L a > a-:p J«i 

2. 8a. 3. The Cycloid. 
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L cos^ 2 ^Vr+3^cos2e-\/3co8^Je,* 

9. i[(^2*+3^2¥-(^i^+yi¥]. 15. 5a. 



CHAPTER X. 
Page 158. 

1 ^ 
' 3 * 

2. (a) c%mh-. (c?) ^e*^-l). 

c 

(6) e»-l. (e) log^-6+a. 

a 

^'^ 4 2a 2 a ^' ^a 

3. \^. 4. !!:^ + («^VP3^+a6sm-i^). 

3 2 ^V 6 c) 

5. 4a2. 6. 37ra2. 7. -(4-7r). 

2 "^ 

Page 160. 

1. 7r(a2+62). 2. ^l 3. ^'. 

8 16 

4. ^'. Total area=^ (t^ even), or "^ (n odd). 
4w 2 4 

5 fl^tana 2)3cota/-27oota_j\ g a^ ff^-a^ 

' 4 ^ ^' '6 a3/33 • 

7. ^log^. 8.«'^. 9.?!^'. 

2 ^ a 2 a^ 2 



Page 167. 
1. 3^a2. 3. ^(tanf +Jtan»Vr). 
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4. ^[5(^2-^i) + 8in5(Vr2-V^x)c085(Vr., + Vr,)]. 

4 

Page 178. 

1. ^K 2. ^. 5. (7r-2)a2. 7. ?^. 

3 4 



9. (i.) I^ofe. (ii.) 15E^. (iii.) ^futb. 



r(|+i)r(|) 



128 V / r r(w + l) 

m being supposed odd. 

10. «'(^+l+-f ) and «<^-l+^). 

11. a2[21og(%^+l)-H^]- 14. ^\32 + 24\/3-37r). 

6 

12. 4c2V2sm-* JL. 17. WaV2. 

^^•<4'+M> 21.^'; 2:1. 

22. r|V^{26^e*»«-- l)^+26(4^>7re*""*-c*«-*+l)(9 



+ STT^ft^e**'^ - 47r6e**^ + e**'" 






- if (?-)■ 


24. weven,'^"'; «odd,'^"*. 
2 4 


2...-±^l 


30. ^"'. 39. '"«'. 
4 4 


28. M^ + -4\ 


32. a2(l-^). 40. 7ra(a-6). 



29. ^(107r+V3). 34. a2(7r+2). 41. a^. 4SL. way 2. 

43. «V-^>^^^ tan-^g!^ + ^^ 



2/7i3w3 6m^2mW 

44. (i.) 1^^, (ii.) ^-I^. 
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1 


CHAPTER XI. 




Page 187. 


1. 47ra2. 


3. 7ra^{S^-\og(J\ 




Page 191. 


1. SttV^. 


2. 47ra^y/2, ira^^. 
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3. If the sides he a,b, c; s the semiperimeter ; and Aj, h^, h^ the 
distances of the midpoints from the given line, 

surface = 27r{ahi + 6^ + cAg), 

volume = ~{hi + Ag + A3)\/a(a - aXs - &X« - ^)- 
3 



Page 193. 

1. If a=rad. of base, 6. 2wa3(loge2-§). 

A = altitude, 6. Surface =^7ra2, 

I = slant height, volume = Tj^a*. 

surface =OT'a^, 8. JttW. 

volume =j7ra2A. 10. ^ttW. 

8\^7ra3 



2. J7ra62. 12. 



15 



CHAPTER XII. 
Page 201. 

1. (i.) Mass=^*, (il) i=y =ff, (iii.) M"^. (if=mass.) 

'• (^'>^~(7TlX2^T?+3)' 

^ 2p+q + b ' ^ q + 2 2p+q+4 ' 

(iii.) 4ifa«i±l . ^±l±l 
' ^+3 2p+g' + 5 
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3. § of length of rod from end of zero density. 

^ ' 2 ' 6 ' 12 
A 5=4a -_3a m«+2 . «^ o 



Pag3 207. 

1. Let 26 be the angle, a the radius, the median the initial line, 

(a) x=f-^, ()8) j<^. 

2. 5 = 2«^, about tang., 4ifa^('^+2X«+3X«+5) 

about diam., 4ifo»|^±^±^,. 

4. If />,= — ^-Z^'- and gi=^»~"^'', 

Mom. In. about a;-axi8*=i/i[(g'j+g'3)*+(g'3+g'i)*+(5'i+72)*}/12. 
about y-axi8=Jf{0'j+jo^«+0>3+ft)«+0>,+i>2)»}/12. 
& Area =(2jr+3V3)aV6, 

y- 3ay3 
2(3\/3-5r)' 

Mom.In.=^\B^^^. 
3 Sv'S-ir 

7. (1) (^, ^), (2) l^Ma^ (3) ?^'. 

8. (1) M^ (2) iflg^l 

9.(1)^=0, y=^. 

(2) (a) 5,r^a', (6) ,ra'(3^'-|), (c) Va^a'. 
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CHAPTER XIII. 
Page 215. 
1. ,fl7tan^-logsec^=y tany-logsecy+(/. 

3. 2^+^+y+(7(ar+y + l)=l. 

5. log Vl+y^ = log :r + tan~^ar + C. 

6. 3(e>'-c')=^+C. 

9. (1) y=Ce^. (3) r(C-e)=a. 

(2) y^^2ax+a (4)r=a^+a 

10. ;g = Va-i-3^2+-log ^"^^(^ ^ ify=awhen^=0. 

Page 219. 
1. ' 2yc*""*'= c^ **""*'+ C. 

2. (<i24.62jy=fljgin6^_6co8 6^+C7e-«'. 

3. rO^a^ + C. 

n+2 

4 4iy=/+a 11. J^i= 1 +Ce^""'^2. 

5. ^d^^-'-'^tan-V+a 12 J_=-L + a 

a: sm y 2^ 

6. y««v.= 2VS+C. 13. -i-=^+C. 



^ log z 2a^ 



8. ^+2^24.^4.« = Ce '». 14. c-<'»-«'= 1 +(7e<«-^>2. 

9. l=-i-,+C7. 15. l = i + C6*'. 
jjy 2^ r a 
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(2) (a2+&2y=a8in6^-6cos&a?+Ce— . 

(3) 8my/(l+4?)=c*+(7. 

CHAPTEE XIV. 
Page 223. 

2. ilog(6t;«+i;-3)+-4=iog ^^'^+^"^ +log^=fi 
^ *' ,2^73 12V+1+V73 '^ 



3. l-i=a 
^ y 

4. The j?-eliiniiiant of y —x{p +J)^\ \ 



where v=^ylx. 



.^^^. j 



and «, — ., 

5. The jo-eliffiinant of y=a;(Ap^+Bp + C), and 
logarUjt)2+(5-l)p + (7} 

i- ^ tan-S^±£i==con8t. 

Page 226, 
1. {y-^f=C(y+a:), 2. (^-^)3=%+a7-2). 

4. (a+6)log(y-^+l)+(a-6)log(y+^-l)=(7. 

5. ^-y+log(^+y)=C'. 

6. 6y-3^=log(3^+3y+2) + C 

7. ar2+4a^+3y2_lO;r-103^+(7=0. 

8. ^+y-4log(2^+3y + V)=(7. 
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1. y2+l = (7e2*. 

2. y=^ + log^+a 



Page 230. 

3. y-\-^a+xf-2a{a+xf=a 

4 ^a?+2a)3=(7c». 
3a2, 



5. Aax^y^+Zdy — _log(2y+a)+C7. 

6. cos{5^E^r^}=4_,. 



7. ^=PpH25p+(7,\ 



8. y=Pg24.25^4.^^^ 



Page 232. 
1. y=^Cx+C\ a^-^Ay=-0, 
^2. y^Cx+C\ 27^2+4^=0. 

3. y=Cr+C7« wy-i+(w-l)'»-i^=0. 

4. y=ar+Va2C2+62, ^%^' = 1. 

5. y=(^-a)(7-(72, (^-a)2=4y. 

6. (y-(7^X^-l)=C7, V^+Vy=l. 



Page 233. 



1. y=p^x+py 1 

logp-^+C7 V 

2. y=apx+p^, \ 

3. y—jf^x+j^, 



..} 



5. ^=(/>+^>+-Jzi, 



6. y=2p^4-^*', 

p2^=-_J^^«+^ + A 

7. y=apx+hj^, ^ 

— ^A 8o-2 \ 

8. A rectangular hyperbola. 
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9. Pirabolae tonching the axes. 

10. Hyperbolae. 

11. A four-cusped h7poc7cloid4:*+y*=a* 

12. 8y=(2^-l)*. 

13. y=ilc*+c(l+^2)i 

3 8in2^-l^ 



y=c- 






C0S2^ j 

14. y^^Ca^- yp — t> * series of conies touching the four straight 
lines x±'J -'Ay= ±s/B, the singular solution. 

CHAPTER XV. 

Page 238. 

1. y^x\ogx+Ax+B. 6. x+h= {-[ J,. - 

2. y=acoshf-+6Y 7. y+b^j'Jae'^-h^-xdx. 

3. 2y=g-alog.+6. 8. |=/(^+|)^"^^+6. 

4. yJ^+h, 9. y=ht.n--±l^, 

6. (^-^)2+(y-5)2=a2. 10. ^7+^+^^^— ^+sin-^y=0. 

11. y=^Bx^-Ax\ogx. 

Page 242. 

1. x^y^ei'-^-Ax^+Bx+a 

2. (:t?2 4-sina7)y=cos;F+-4^+-B^+C. 

3. (a) a73y3-3^2y2 + 6^i+(^-%=«'+^- 

(c) a:6yg-4^^4+16a73y3-48:r^2 + 96a?yi 

-96y+K^+y2)=jr(log^- 1)4-^. 
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CHAPTER XYI. 

Page 251. 

In the results of the following set all capitals denote arbitrary 
constants : — 

1. y^A^'-\-B(^. 3. y^A&'^-B^^C^. 

2. y^A^'^+Be^+G^. 4. y = (A + Ba:y+Ce'-^. 

6. y=^6*+5e"^sin^+(7e"^cos:^. 
2 2 

6. y—Ae'+Be-'+Caina^+Dcosa:. 

7. y:^{A-^Ba;y+(C+I)a:-{-Far')e^. 

a y=^A8ina:+Bcoaa: + Ce~hm^^ + De~^coB^J^. 

9. y^{A-vBx)s\\\x-V{C-^I)xy:,oax^-{E'^Fxy. 

10. y=(^+5^+C^)8in^+(i>+^a7+i^^2^os^ 

11. y^(^A-^Bx-^Cxy'^-D^-^{E^-Fx)^''a\Tix^-(Q^-Hx)e-'QXiax. 

12. y = (^ + 5j?)8in cm? + ((7+ 2>^)cos ow? + i^ sin 6^ + i^ cos 6:f 

+ (?r?sin^y-? + jye"?co8£^ 
2 2 

+ /e?8iii?^>^ + ^Jcos£^. 
^ 2 

Page 254_ 



Page 256 (First Set). 
~, "e*sm;r, a?e'loge(^-j. 



B. I. C. 
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Paob 256 (Second Set). 

1. c«Xaa+&2)~*co8(6ar-tan-i-V ^--£Lcos(2^-tau-i2), 

\ Obi A 2t t^o 

^sin X cosh a? - cos a? sinh ^). 

2. -isin2:r, ^coaa?, -f sm2ar. 

Page 258. 

e^sin^-cos^X ^M^^" ^^^ ^•;,^^^")^^'-^ ^^^" ^, 

-2 cos or cosh ^. 

Page 260. 

3. ic^arsinx+cosx)-^! (2^ + - jcos«-(a; + - J8mx|-. 

Page 263. 

1. (1) -l^. (5) ^. 

^2^ .gain 2^ ^gj |(co8hx+co8:t;). 

(3)|-h.. (7) _^_^( J_g+^_J). 

2. (1) y=^ic'+^2e-'+j€''. 

(2) y^Aie' + A^-'+^xsinha;. 
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(3) y=iiiSina? + ^2COS^+ie"*+^-2— +^-^ 

+ -(sin^-2cos^). 
5 

(4) ^^{Ai+A^y+A^e-'+A^e'^in'^ 

(5) y^'A.-^'A^+A^+A^e'+A^e-'-^. 

(7) y = Ji^+^^-^8in^+^r^co8^ 

+ i{(^ - ^y^^^ ^ - 07 sin a:}. 

(9) y = -ijC* + A^"' - i cos 27 cosh ^ 



log(ae)log(|j 



(10) y = (^ + iljj^K + (^ + ^4^)sin 0? + (ilg + ^6^)cos ^ 

Page 265. 
1.2^ = ilisin(5' log ^) + A2C0s(q log :r). 

2. y = ^isin(^log^)+Acos(2'log^)+^-^-^ 

. g%in(log a?) - 2 cos(log a?) log w cogCgjog^) 
"^"^ ^M^4 2g' 

3. y=4l + ^2^/i8in(-^log^^ + ^3^^cos(-^log^)+|+log.r. 

4. ^=^4.^^+^^log:r4.^(^%g. 

5. y = ^isin || log(a + 6^)| + A 2Cos|| log(a + 6^)|. 
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CHAPTER XVII. 
Page 269. 

\. 23^+y^=h, 3. r=6e-^*"« 4. ^-^=l-cos^ 

r 

Page 276. 

1. Put y^^xz ; y«=:;r3_2^^2a;+CXre-*. 

2. Put \Auy—z\ tauy=-4cosj74--B8m^+^. 

3. Puta+6^=^; y^C{a-^hxy^^-D{a+hx)^^^^.^^^^ 

where m^ wij are the roots of the equation 

4. Put «=tan-^^ ; y^{Ax+B)l'J\+a^. 

6. Put e = 8in~*:r ; y=A sin(n sin"^^) + B co8(n sin"*^?). 

6. Put e*=f, e>'=r7; (6^-^ + iy*=^. 

7. Put sm^=^, smy=i; ; (siny-8inj7+l)e^*=-4. 

8. (a) y = ^e-' + Be^sin Zx + (7e^cos 3a:. 
(Jb) y=(44--B^)€~^+2cosj74-f sino?. 
(c) y=.4^sin(log^)+5^oo8(log^). 

9. y+2=J 8in3a:+5cosar+C8in4r+/)co84a?, \ 

3^ = - 6(^ 8in 3^7 + 5 cos 3a:) + (Csin 4r + /) cos 4:p). j 
10. y-^A^, 11. y=i-^+^a?+A 
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